¢-GENERATING FUNCTIONS FOR ONE AND TWO VARIABLES.
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ABSTRACT. We use a multidimensional extension of Bailey’s transform to derive
two very general g-generating functions, which are g-analogues of a paper by Exton
[10]. These expressions are then specialised to give more practical formulae, which
are g-analogues of generating relations for Karlssons generalised Kampé de Fériet
function. A number of examples are given including g-Laguerre polynomials of

two variables.

1. PRELIMINARIES

10
11
15
18

The purpose of this paper is to continue the study of ¢-special functions by the
method outlined in [2]- [7]. The paper is a g-analogue of Exton [10]. All of Exton’s

results are obtained as the special case ¢ = 1 by this method for n < 2.

We begin with a few definitions.

Definition 1. The power function is defined by ¢% = e®°9() We always use the

principal branch of the logarithm.

The g-analogues of a complex number a and of the factorial function are defined

by:

(1) (a)y =12

, g € C\{1},

n

(2) {n}! = [+, {0} =1,qeC,

k=1
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Definition 2. The g-hypergeometric series was developed by Heine 1846 as a gen-
eralization of the hypergeometric series:

(3) 201 (a, by clq, z) = Z Wz”,

= (1;q)n{c; O)n
with the notation for the g-shifted factorial (compare [12, p.38])

1, n = 0;
(1—¢"*) n=1,2,...,
m=0

which is introduced in this paper.

Remark 1. The Watson notation [11] will also be used.

1, n =20;
5 “q), = n—1
(5) (a:0) H(l—aqm), n=12,...,
m=0
Definition 3. Furthermore,
(6) (@) = [](1 —ag™), 0 < g < L.
m=0
(@5 ¢)oo e
7 a;Q)eg=—"——,aFq¢g " m=0,1,....
® (%) (@g%; q)oo

Definition 4. In the following, % will denote the space of complex numbers modligz.
This is isomorphic to the cylinder R x e*™ g € R. The operator

.€.¢
Y//
is defined by
m
(8) ar a+ Toeq

Furthermore we define

(9) (@ @) = (@ @)n-
By (8) it follows that

(10) (g = ] (1 +q),

where this time the tilde denotes an involutioninvolution which changes a minus
sign to a plus sign in all the n factors of (a; ¢),.
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The following simple rules follow from (8). Clearly the first two equations are
applicable to g-exponents. Compare [24, p. 110].

2
(11) d4b=atbmod 21
logq’
~ 7 27
(12) atb=a+xbmod ,
log q
(13) ¢" = —¢",
where the second equation is a consequence of the fact that we work modlig"q.
We will use the following abbreviation
A
(14) ((@);@)n = (a1, -, an;q)n = [ [(0j; )n-
j=1

Definition 5. Generalizing Heine’s series, we shall define a g-hypergeometric series
by (compare [11, p.4]):

. S ~ ci,.. a,
p¢r(a17‘“7ap;b17”‘7b7’|Q72) = d) ! + ‘(L =
by.....b.
[%S)

(15) Z (@1s ., Gpi @) [(—1)”q(3)}1+r_pz”,

n— ]_ bl,... br;q>n

where ¢ # 0 when p > r 4+ 1, and

(16) a= {;ﬁ

We will skip the a for the rest of the paper.

Definition 6. The following generalization of (15) will sometimes be used:

oty Prrr (@1, o ap; by b, 281, St ) =
ap,. .. 51,...,8
p+p/¢r+q~/ |: bl‘”’ ’ H ' tr’ :| =
° . w7 1+r+r' —p—p’
(17) al, (ap,(Dn [ gy (2)]
q X
; 61 q> b @)n =1

p/ 7‘/
TG )n [ ] (05 00

k=1 k=1
where ¢ # 0 when p+p' >r 41+ 1.
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Remark 2. Equation (17) is used in certain special cases when we need factors (; q),,
in the ¢-series.

Definition 7. Let the ¢-Pochhammer symbol {a}, , be defined by

(18) {a}oy = [[{a+m}

An equivalent symbol is defined in [9, p.18] and is used throughout that book.

This quantity can be very useful in some cases where we are looking for g-analogues
and it is included in the new notation.

If |¢| > 1, or
0 <|gq| <1and |z] <|1—gq|" the g-exponential function F,(z) was defined by
Jackson [13] 1904, and by Exton [9]

o0

(19) E,(z) = ; {kl}q!zk.

Two g-analogues of the trigonometric functions are defined by
(20) Sing(x) = %(Eq(ia:) B, (—iz)),
and

(21) Cos,(x) = %(Eq(ia:) + B, (—ix)).

The following multidimensional generalization of Bailey’s transform was given by
Exton [8, p.139].

Theorem 1.1. If

(22) Tma,omn = § 5p1,...,pn“p1—m1,...,pn—mnvpﬁml ----- Pr+mn

mi,...,Mn
(23) ﬁmh...,mn = : : Qpl7~~~7pnum1*p17~~~7mn*pnvp1+m17---7Pn+mn’

plv"'vpn:(]
then formally
(24) E Oy ,oomn Yma,.oomn — E ﬂmh...,mn(sml,...,mn'

m 1

We assume that «,d,u,v are functions of ms,...,m, only. The notation ) .
denotes a multiple summation with the indices mq, ..., m, running over all non-

negative integer values.
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Definition 8. The following notation will be convenient.
(25) QE(z) = ¢*.

When there are several ¢:s, we generalize this to

(26) QE(z, ) = g,

If {z;}}_, and {y;}}_, are two arbitrary sequences of complex numbers, then their
scalar product is defined by

(27) gy =z
j=1

We will only need one ¢-Lauricella function, which is defined by

@g)(a, bi,...,bp;c|g;xy, ..., xp) =

(28) _ Z (@5 @it tmn 01 Qs - - - Ons Qi H;'lzl x;ﬂj
= (CY/)r— H?:1<1% @),

The following reduction theorem is a g-analogue of Appell and Kampé de Fériet
[1, p. 116]. The proof uses one of the ¢g-Vandermonde summation formulas. Because
there are two such formulas, there is a quite similar equation, which was published
for n =2 in [22, p. 224, 4.18].

Theorem 1.2.

cbgl)(a’ bi, ..., bn;clg; @, rq 2 g2 ag

(29) e
— 2¢1(CL, bl + ...+ bn; C’q, [qu 20— — n)

Proof. In the LHS of (29) we change summation indices to {k;}}_;, where

(30) k)l == i mg.
s=l

By matrix inversion, this is equivalent to

(31) ml:kl—kl+1,1§l§n—1, mn:kn
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(32)
LHS = Z m1+ M <b1 Q>m1 s <bn; q>mn mit..4mn H] ) q ™ (b2+...4+bj) _

(a; Q>l€1 L1520 B33 @)y s (O @)™ Ty g ha) (bbb gl (bt
zk; (& @)k T2 (L0ky 0 (L@
=> (@ @) T3 (03 @y (—hjs @y g B0 (b5 )
4 (& @)k TT20 (1= bj = k5 @y (50D, (L5

H q(kj+1—kj)(b2+--.+b]-)q(—kn)(b2+...+bn)

=2

(a,by;q) —(bj, —kj_1;q > (ki) (1=b=bj—1)
= X
2 H s .
n—1

Ca 1aq k1 ] 1= k]*l;Q)kj

<bn—17 _kn—2a bn + bn—la

J=
> q(kn 1)(1=bp—2—bn—1—bp)
<]_, 1 - bn_Q - kn—27 bn—la q>l€n—l

- ¥ (@, b1; @) 2™ i—f (bj, —kj_1; @)k, q") 0 ~bi~bi=1)

- X

Eyeokn—o <Ca 1; Q>k1 =2 <1, 1-— bj—l — kj—l; q)kj
<1 - bn - bn—l - bn—2 - kn—2; q>kn—2 _

(1= bp—2 — kn—2; Qs

-~y (a,by: Q) ¥ ’ﬁ (bj, —k;1; Qi g 170 ~bi=) )

ki,..., kp_o <C7 ]') q>l€1 =2 <1, ]- - b]_ k]—l; Q>k;3
(bn + bu1 + bo2; @), pq~ P2 Brte)

<bn72; Q>kn_2
We can continue this process to obtain the final result. 0

The following generalization of (29) is a g-analogue of [17] and [18]. Compare [20,
(4.3), p. 107]

Theorem 1.3. If {C,}5°,, {an,}22, are sequences of arbitrary complex numbers
then

Crnatoctmn [Ty 2™ (0539 —
Z H?:l(LCI)mg' < ;mkzal) -

(33) .
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Proof. We use induction. Suppose that (33) is true for n > 1, and denote the LHS
by A,,, then

[e.°]

xmn+l
Ay = Z (13 Qmpss 77— QE (=mpqi(a2 + .. 4 ang)) X
mn+1:0 <1’ q>mn+1
gt tmn o 1 <
Cm Mpt1 TP /1. N Qg3 q m QE | —my &%)
mlzmn B Hz 1<]‘ q>mz IH F Z
[e%¢} xmn+1 n+1
(34) = Z <Oén+1; q)mn+1 WQE <—mn+1 Z Oél) X
Mp4+1=0 ? 2/ Mnt1 =2

[e.e] n N n
ZON+mn+l<Zak;q>Nfc—QE —NZal
N=0 k=1 {(Lg)n -
[e¢) n+1
:ZCNJCNQE< NZoq> —Zk L )N
N=0

N

where in the last step we used the induction hypothesis for n = 2, with the following
values of the parameters in (33).

(35) my — N, mg — m, + 1, a2—>an+1,x—>xQE<—Zal>.

Remark 3. There is a dual too.

2. ONE VARIABLE

We begin with the case n = 1. In the rest of this paper, we assume that |t| <

Theorem 2.1. If C(m) is any arbitrary function, then, formally

C(m){(d; @) mt™ (t¢"™; ¢) oo
2 (t; @)

oo

= 3 S om0

p=0

m

(36)

Proof. In theorem 1.1 put
(37) = C(m),

(38) U =
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(39) U = 1
and

Now (22) and (23) imply that

— S Q) m—p
(41) o
_ Z C(p)<_ma Q>p( 1)pqmp—(g)
= (Lgm
and
C <da Q>ptp o <d7 Q>p+mtp+m
m 3§
p,m< S @)p-m =0 (L q)p
> (d A+ m; q) P
— d7 mtm —
(42) (% 0) ; (L9)p
= (d; @)mt™ 100(d +m; —|q, 1)
(tq™; @)oo
= (d; )t —=
(e @) (t @)oo
The proof is completed by substituting (41) and (42) into (24). O

Theorem 2.2. If C'(m) is any arbitrary function of m, then, formally

ZC (1=

(43) m(q _
Z t 1 q Z C ( 1)pqmp—(g)‘
Proof. Let d — oo in (36). O

The theorems 2.1 and 2.2 are much too general for many practical purposes when
deriving generating functions for various classes of g-hypergeometric polynomials.
A more convenient form is obtained by considering the following special case.

(44) C(m) = : ,

where 6(m) is an arbitrary function.
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Theorem 2.1 can be written as

((a), (), d; Q)m(=z)™ t7¢"™
2 <(h) (@), Lm (G Darm

(45) w1”<<»<>><>9@
E: (), (9) L)y

m

(—m; q)pg™ @f

Remark 4. (45) is a g-analogue of [21, p. 328, (1.2)] and closely resembles [23, p.
108, (3.33)].

The confluent form

(=m:q)yq" )

follows similarly from theorem 2.2.
Another special case is obtained by putting

1)mq0
@m ’

) e ONOR

where 6(m) is an arbitrary function.
Theorem 2.1 can then be written as

<(a)a(f) d, x; Q> (—1)m tmqﬁ(m) B
; <(h) (9):L@)m (t; Qarm

Z tm o )7(f),$;q>pq9(p)
m;q

(48)

2, () L)y
(= g™ (5)-

The confluent form

(t) Z <(CL), (f)v Z5 Qim(_l)mtm(l _ Q)m O(m) _

oD 270, (), L) T
(49) A=) o (@), () 2 9)pg ")
; Lagm 2= (1), (9), 15a)y :
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follows similarly from theorem 2.2.

2.1. Special cases. Put A= F=G=0, H=1, 6(m)=m?. in (45) to obtain

= ()" {d Q™™
0<h7Q>m< > (t; @) dsm

(50) = <d7 = P
ZO (L; — (7 L0y
(—m; q>pqmp+p ‘(2)-

By a change of variables x — x¢" !(1 — ¢) this is equivalent to

{C}nq nq z)t" - {c}nq q”2+°‘”(_xt)”
(51) Z {1 + a}" q n=0 {n}q!{l + O‘}n,q(tS q)chn

102(c; 1+ alg; —xtg"™ (1 — q)||—; tq°).

This is a wellknown generating function for the ¢g-Laguerre polynomials.

Put A=H =1, F=G=0, §(m) = (7) in (46). The little g-Jacobi polyno-
mials are defined by

Z<a+b+n+l >pqup‘

p=0
Then we obtain the following generating function for the little g-Jacobi polynomials:
(1 —q)" -1
———Pu(2q"" 5 a,blq)
zn: (Lg)n
= Ey(t) 1¢1(a+b+n+1a+ g, at(l —q)).

(53)

a+b+n+1 a+bin+l atbint2 a+bi+n+2

(54) 107(a) = 407 [ 2 2 2 L 2 lq,q(1 — @2952152] ;

l1+a 14+a 2+a 2+4a 1 1

20 20 2 29722

a+b+n+2 a+b+n+2 a+b+n+3 a+b+n+3

(55) 4¢7(5)E4¢7[ 2 =2 =2 L 2 ’q,qg(l—Q)QthZI.

24a 24a 34+a 34+a 3 3

200 20 20 29722
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Making use of the decomposition of a series into even and odd parts from [19,
p.200,208], we can rewrite (53) in the form

=1 Py, (v¢* 15 a, blg)t*" +i Popi1(zg*; a, blg)t*

w & E L,
= E,(t) {491)7(04) ot +{Ollia}: n}q4¢7(5)} ;

and replacing ¢ in (56) by it, we obtain

i 1)"t27 Py, (2¢*" 15 a, b|q) i D™ Py, 4 (2427 a, blq)
I 2n},! > 2+ 1y,
{ l4+a+b+n}k,

— (Cosy(t) + iSing(1)) [m( - 4¢>7(6)]-

{1+a},

Next equate real and imaginary parts from both sides to arrive at the generating
functions

i 1)t Py, (2> 1; a, blq)
(58) n=0 {2n}q
{1+a+b+n},

= Cosy(t)apr(ar) + xtSing(t) (ta) 197(8)
and

N (=) Py, (2¢?; a, bl )
(59) nz% {2n + 1},

{I+a+b+n},

= Sing(t)adr(e) = wtCosy(t)—m——-

197(8).

Finally put A = F = G =0, H =1, 6(m) = () in (48) to obtain the following
generating function for g-Meixner polynomials from [23, p. 103, (3.10)]

<17h; Q>m(ta Q)der <17Q>

oy ()
(60) Z< 4 gim( )" :Z \: 4t 2¢1( —ma; hlg, ¢™).

3. TWO VARIABLES

We can generalize (36) to two variables.
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Theorem 3.1. If C'(my,ms) is any arbitrary function of my, mso, then, formally

Z C'(ma, m2){d; @) my+my H?:l(kﬁ )y, T2 .
= <k1 + k2§ Q>m1+m2

m

(tqd+ﬂ’L1fk2; q)oo _
(tg="7m2 q) oo
(61) Z (d; @) my+me HJ 1< Jaq>m]tm1+m2q
m kl + ko; >m1+m2 H] 1<1 Q>
2

> Clup) H< mj; q)p, (—1)P P2 QE <—Z (PQJ)

p1,p2=0 j=1

J
—ka(mg — p2) + mip +P%) .

m2
ma
2

Proof. In theorem 1.1 put

(62) Oy omy = C(m17m2>7
E(2mZ —k
(63) um1,m2 - Q (émQ 2m2)7
Hj:1<15 )m,
1 5
(64) Umy,ma = quQ
and

0" @y [T (s @), 7

(65) p (k14 k23 @) mi+ms

Now (22) and (23) imply that

5 ' Clpi,po)
mi,m2 E )
o Hj:1<15 q>mj*pj

p1,p2=0

X QE(3(ma — pa)* = ka(ma — pa) + (ma + p2)°) =

_ Ky C(phpZ) H§=1<_mJ;Q>pj __1\p1t+p2 —_ 2 P
R | T QE( 2(2))

p1,p2=0 j=1

(66)

QE(—ka(ma — p2) +m3 + mapy + p3),

and
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7m1,m2 -

00 2
(d; Q>p1+p2 Hj:l <kj§ CI>pj trripe

Z H3:1<1; q>pj_mj <k1 + ka; Q>P1+P2

p1=mi,p2=mz2
X QE(—p5 + §(p2 — ma)® — ka(p2 —

e}

ms) + 3(ma + p2)?) =
tp1+p2+m1+m2

_ Z (d; q>p1+m1+p2+m2 H] 1< qu>pg+m]

p1,p2=0

X QE(=pa(ka +my)) =

<d; Q>m1 mso H2: <k-;q>mjtm1+mz oo
B G —— Z QE(—pa (k2 + m2))x

<k1 + k27 Q>m1+m2 P1p2=0

<d +my 4 my; Q>p1+p2 H§:1<kj +mg; q>pjtp1+p2

15 (1 @), (s + k2 + 1m0+ M3 )y

Hj:1<17 Q>pj <k1 + k27 >p1+p2+m1+m2

d; mi+m 2’— ka m‘tm1+m2
:< Q> 1+ 2H]_1< J q> J (I)g)(d+m1+m27

<k1 + k27 Q>m1+m2

k1 ma, kg 4 mgs ky F my + kg + malg;t, tgTR ™)

2
. <d7 q>m1+m2 Hj:l(kj; q>mjtm1+m2 %
(k1 4 k23 @) ma+mo
100(d + my + ma; —|q, tq_krmg)

2 mi1+m
_ (d; @) my-£ms Hj:1<kj5q>mjt e

1

(k1 4 k25 @) mi+mo

(tq 272 @) a4

The proof is completed by substituting (66) and (67) into (24).

13

O

Theorem 3.2. If C'(my, mg) is any arbitrary function of my, mo, then, formally

(68)

E,(tq~*72)C(my, ms) H?:1<kj? @)yt M2 (1 — g

Z <k1 + k?; Q>m1+m2

—

m

Z > tm1+m2(1 _ q>m1+m2q7
m k1+k2a >m1+m2 H] 1<1 q>mg
2
S o) T >m+p2QE<
7j=1

p1,p2=0
QE(—ka(my — p2) + mip1 + p3).

Proof. Let d — oo in (61).

2

J=1

)
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The theorems 3.1 and 3.2 are much too general for many practical purposes when
deriving generating functions for various classes of hypergeometric polynomials. A
more convenient form is obtained by considering the following special case.

{(@): @ mirma ") T ()3 @y (=)™
<(h) q>m1+m2 H] 1<(g )717q>m3

where 6(my, my) is an arbitrary function.
Theorem 3.1 can be written as

(69) C’(ml, mg) =

Z ((a); Q>m1+MQq9(mhm2) H?:l«fj); q>mj (—a;)™
m <(h),]€1 +k2§Q>m1+m2 H?:1<(gj)71;Q>m]-
(ds Qg Ty (K @), ™2 (g 7R21 )
(tg=*272; q)oo

m3
—= o
2

— Z d q mi+ma HJ 1< J7Q>mJtMI+MQq Z

—» kl + k27 >m1+m2 H] 1<1 Q>m] p17p2=0
((a); Q>p1+p2q6(pl7p2) Hj:1<(fj)> My, q>pjx§j %

<(h)’ q>p1+p2 H?:l«gj)? L q>Pj
QE (—kg(mz — p2) 4+ mupr + P — Z (%)) .

j=1

The following confluent form follows similarly from theorem (3.2).

S Ll (): )y
((h)s k1 + ks @)y 4ms H?:l«gj)u L Q>m]

2

R | (AR ICEEE

j=1
-y o= gyt
(71) =
k1+k2a >m1+m2 H] 1<1 q>mJ P1,p2=0

Pj

<(a)§q>p1+p2q6(pl’p2) Hj:1<(fj) _mj5q>l’j$j %
((R); Dpraps [T-1(95), 150,

QE (—kz(mz — p2) + mups + P — Z (%)) .

j=1
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3.1. Special cases.
Put A=F=G=0, H=1, 6(my,my) =m? in (70). Then

m1 d Q>m1+m2tm1+m2 H] 1( xj)mj<kj;q> mj
(B k1 + K23 @)y pms (477725 @) dma +mo HJ (L @)m,
(d; @)y +ms HJ (ks @yt T2 T T QE(—kz(mg — p2))

(72)
; kl + kQ; >m1+m2 H] 1<1 Q> p1,p2=0 <h;q>p1+p2

H§:1<_mj§ Q>pj (arj) m
T2 (L; )y, QE( ”“Z ( )“’f)‘

X

By a change of variables 11 — 214" (1 — q), 2o — x2(1 — ¢) this is
equivalent to (compare [10, A.17])

gD Yy ey ™2 Ty (—25)™ (B @)m, (1 — g)™ 4™
- (B Ky 4 k2; @)y s (60752725 @)y oms [ (15 @),

m
_ d q mi+mo HJ 1< J’q>mthI+MQ h—1 ( )
Z ]{1 + kg, h7 q>m1+m2 mmz: kg B

(73)

where L% (21, z2) is the g-Laguerre polynomial in two variables given

my,ma,k2,q
by

I (x . ) (a -+ 1; q>m1+m2 mlz,nn qpf+ap1 H3:1<_mj? q>pj (:Bj)pf
mi.mo.k 1,42) = 2 2
e Hj:1<1? @ m, P1.pa=0 (1+ ;@) py1ps Hj:1<1§ @),

71 2
QE(mip1 + %m% + P53 — ka(mgy — p2))(1 — g)PrHee H QE (— (];J)) )
j=1

By letting d = h, d = k1 + k2 and d — oo in (73), we obtain g-analogues of
[10, A19-A21] for two variables.
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Put F=G=H =0, A=1, 6(my,my) =m? in (70). Then

~

m2 . m m 2 my .
Z q 1<avda q>m1+m2t e Hj:l(_xj) ]<kj’q>mj
7 <k1 + kQ; Q>m1+m2 (tq7k27m2; Q)d+m1+m2 H?:l(h q>mj

3 e L i 00T R
= (k1 4 k25 @) my+mo H§:1<1; @ m, o 2

p1,p2=0

(@ @)pi-+p2 H?=1<_mj? Qp, ()" 2 (pj) 2
E +) - +p? | =
[15_1(1:q)y, « <m1p1 le 9 ) TP

3 (5 Qs t™ 2 (05 G) s s [Ty (i @), (=)™ mi“
= (k1 + ka3 @y 4ma [To—1 (1 @),
I,y (=mys q)p, (=)
(—a+1—m1 —m2;q)p,4p, H§:1<15 @),

p1,p2=0

QE (—ka(p2) — mapy +mj

2
+p1p2 — (p1 + p2) (M1 + ma) + pr —(a— 1)pj> :
=1

This is a g-analogue of the corrected form of [10, A22] for two variables. The
symbol 22 denotes that the equality is purely formal. Put A= H =0, F =
G =1, 0(my,my) = —m3 + 23:1 (") in (70). Then (compare [10, A29))

¢ [T, (f; @y (—;)mig () y
(k1 =+ k23 Qs 4mo T (95> 15 @,
S @) m+ms H§:1<kj§ Q>mj gmitma (tqd+m1_k2§ ?)oo

1

QU

{

(tg=F>7m2; q) 0

m2
_ Z (s @) my+ms H?:l(kj; q)thmlJFMQqTQikaQ
m <k1 + k?; q>m1+m2 H3:1<1; q>m]’
2¢1(f2> —M; 92|q, x2qk2)'

201 (f1, —ma; g1lq, x1¢™) %

By letting k; = ¢;, d = g1+ g2, d — o0 and (k; = ¢;, d — o0) in (76), we
obtain g-analogues of [10, A30-A33].

Put A = H =G =0, F =1, 0(mi,ms) = —m3 + 32, (%) in (70).



(78)

¢-GENERATING FUNCTIONS FOR ONE AND TWO VARIABLES.

Then (compare [10, A34])

S ¢TI 5 @)y ()7 )
m <k1 + k?; Q>m1+m2 H?:1<1; Q>m]
(d; @iy Ty (g @, t™ M2 (tg ™7 R2: )

(tgF2=m2; q) 0

m2
- Z d q S H] 1< J7q>mjtm1+m2q7—k2m2
(k1 + K23 @)y tms H3:1<1? @)m,
2¢1(f2, —ma; Oo‘q,$2qk2)~

By letting d — oo in (77), we obtain a g-analogue of [10, A36].

2¢1(f1> —my; 00]q, xlqml)x

17

Put A=F =H =0, G=1, 6(m;,my) = m? in (70). Then (compare

10, A38])

m2 . m m 2 my .
Z q 1<da q>m1+m2t i Qszl(_Ij) ]<kj’q>mj
<k1 + kQ; Q>m1+m2 (tq7k27m2; Q)d+m1+m2 H?:l(gh 1; q>mg
2
mi4meo 2 2 mi,
§ D™ ST (s @), "R

QE(—Fk2(mg — p2)) X
- <k1 + k2§ Q>m1+m2 H371<1' >mj plpzz—o

st 35 (3) +5)

By a change of variables z; — z;¢% (1 — ¢), j = 1,2 this is equivalent to

5 0"d; @)y t™ 2 (1 — @)™ 2 T2 (=)™ ™ 9Dk @),
~ (k1 + ki @) macema (F7%2725 @) ey 11950 13 @)om,

m2
> (5 @y emat™ 2077 TL (R @), "R

QE(—ka(mg — p2)) X
7 <k1+kZSQ>m1+m2 H?:lﬂ; > m; p1%2:0

(1= @) [[5_y (=mys q) -(x-)pfqu(gf‘”
J21 3> p;\Lj m1p1+z ( )+p]
Hj:l <gj’ L; q>pj

m3
Z d q m1+m2t 1+m2q 2 —hama H] 1< ]7q>
(k1 + k25 @) my+ms Hj:1<gja q>mj

mi,q m2,q

L (o) L g (220,

By letting k; = g;, d = g1 + g2, d — o0 and (k; = g;, d — o0) in (79 ), we

obtain g-analogues of [10, A39-A42] for two variables.
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