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1. INTRODUCTION

The purpose of this paper is to continue the study of ¢-special func-
tions by the method outlined in [14], [15] and [16].

We will use the generating function technique by Rainville [26] to
prove recurrences for ¢g-Laguerre polynomials, which are g-analogues of
results in [26]. Some of these recurrences were stated already by Moak
24].

We will also find g-analogues of Carlitz’ [7] operator expression for
Laguerre polynomials. The notation for Cigler’s [13] operational calcu-
lus will be used when needed. As an application, g-analogues of bilinear
generating formulas for Laguerre polynomials of Chatterjea [12, p.57],
[11, p.88] will be found.

We begin with a few definitions.

Definition 1. The power function is defined by ¢* = ¢®°9(@) We always
use the principal branch of the logarithm.

The g-analogues of a complex number a and of the factorial function
are defined by:

{a)s = T g € C\(1), (1)
(i} = [Tk} (0}l =1 g C. )
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Definition 2. The ¢-hypergeometric series was developed by Heine
1846 as a generalization of the hypergeometric series:

o0

(a; q)n (b; q>nzn’ )

b. =
0 biede, 2) = 2 e

n

with the notation for the ¢-shifted factorial (compare [21, p.38])

1, n = 0;
n—1
q), = 4
@i 0) [[a-a) n=12..., @)
m=0

which is introduced in this paper.

Remark 1. The relation to Watson’s notation, which is also included
in the method, is

(@;q)n = (¢"; @, (5)

where

(a;0)n = H(l—aqm), n=12,... (6)

Definition 3. Furthermore,

(@;¢)0c = | | (1 —ag™), 0 <q| < 1. (7)

m=0

(a; @)oo .

GQ)g=——"—,a#q " m=0,1,.... (8)
(%9) (9% q)oo

Definition 4. In the following, % will denote the space of complex

numbers mod2%t . This is isomorphic to the cylinder R x e2™ 0 € R.

logq”
The operator

. C C
C— e —
7 7
is defined by
)
) 9
ar—a+ g 9)
Furthermore we define

(a5 q)n = (a@; @)n- (10)
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By (9) it follows that

=TT+ ), (11)

where this time the tilde denotes an involution which changes a minus
sign to a plus sign in all the n factors of (a; q),.
The following simple rules follow from (9).

atb=a=tb, (12)

G+b=a+b, (13)

¢ =—q (14)

where the second equation is a consequence of the fact that we work
mod 27
logq”

Definition 5. Generalizing Heine’s series, we shall define a ¢-hypergeometric
series by (compare [20, p.4]):

~ ~ 7 ~ Cil,.. a
p¢r(a1)"'7ap;b1?"'7br’q"2> = ¢ |: b bp ‘qa :| =
Tyoves

o0

Y ] "

where ¢ # 0 when p > r 4+ 1, and

azz{g (16)

We will skip the a for the rest of the paper.

Definition 6. The following generalization of (15) will sometimes be
used:

p-‘rp’(b?“—i-r’(alw"Jap;b17"'7br|Q7ZH317”‘Jsp’;tla"'vt'r’)E
ay,...,a S1yeeny Sy
pip! Orir { bl,...,bf 2, 2] tl,...,tf/ ] -
- al, Aap; On ()]
Z b1 T e crd®)] x U0
o' !
2 TG )n [ ] 05 0)0
k=1 k=1

where ¢ # 0 when p+p' >r+1" + 1.
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Remark 2. Equation (17) is used in certain special cases when we need
factors (t; q), in the g-series.

Definition 7. Let the ¢-Pochhammer symbol {a}, , be defined by

n—1
{atng = H {a+m}, (18)
m=0
An equivalent symbol is defined in [17, p.18] and is used throughout
that book. See also [2, p.138].

This quantity can be very useful in some cases where we are looking
for g-analogues and it is included in the new notation.

Definition 8. With the help of the ¢-gamma function

O

we can define the two Jackson g-Bessel functions

B0 = LT (3 (seccsatlla-T ). o)

(1) 0<q<1, (19)

L) \2 4
+1: q>oo 2\ 22qa+1
T2 (5 0) = <Oé—, (_) . 1lg. — ) 21
o (Z7Q> <1’q>oo 2 0¢1 ,Oé"— |q7 4 ( )
Definition 9. The Euler-Jackson g¢-difference operator is given by
p(x) — p(gz)
D r) = —""—"""—">, qc C\{1}. 22
(D) (a) = T =5 \{1} (22)
The limit as g approaches 1 is the derivative
. dy
lim (Dy) () = 7. (23)

if ¢ is differentiable at x.

If we want to indicate the variable which the g-difference operator is
applied to, we denote the operator (D, .¢) (z,y).

We will use a notation introduced by Burchnall and Chaundy.

bh =xD,,, 02 =yD,,. (24)
Definition 10. If |¢| > 1, or

0 < |¢| <1and |z| <|1—g|™!, the g-exponential function E,(z) was
defined by Jackson 1904.

(e 9]

E() =3 {%}q!zk. (25)

k=0
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For 0 < |g| < 1 we can define E,(z) for all other values of z by analytic
continauation.

The g¢-difference equation for E,(z) is
D,E,(az) = aE,(az). (26)
Two g-analogues of the trigonometric functions are defined by
1
Sing(w) = 5 (Ey(iz) — Eq(—iz)), (27)
and .
Cosy(x) = S (Eylix) + Ey(~ix)). (28)
2. GENERATING FUNCTIONS AND RECURRENCES FOR q—LAGUERRE
POLYNOMIALS

In this paper we will be working with two different ¢g-Laguerre poly-
nomials. The polynomial L%Ofg,c(x) was used by Cigler [13].

LE).(@) =Y (””) (e sy

a9 (-nakg 2+kJr’ero‘k(l —q)ka®

=2 oy <1,q>k 1-or (29)
(o + 15}

«
( gy (—nya+ g, —z(1 — g)g" ).

- )

The most common ¢-Laguerre polynomial L%Ofg (x) is defined as follows.

Except for the notation, this definition is equivalent to [24], [20] and
28].
Livae(x)

L@ () = 30
(@) = el (30)

In [22] the g-Laguerre polynomial is defined as

a+1 o
ﬁl%( n;a+ g, —zg" ). (31)
(L @)n
Consider sets o, (x) defined by
= oa(2)t". (32)
n=0

Let
F =E,(t)¥(xat). (33)
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Then
D, F = tEq(t)Dq\I/, (34)
Dy F = Eq(t)\l’ +z(l—(1- q)t)Eq(t)Dq\Il. (35)

An elimination of ¥ and D,¥ from the above equations gives

(1 — (1= q)t) Dy, F —tD, F = —tF, (36)
and
Zxann(x)t" - Zx(l — Q) Doy (2)t" — Z{n}qan =
n=0 n=1
== oua()t"
n=1

By equating the coefficients of t” we obtain the following recurrence:

D,oo(z) = 0. (37)

xDyon(x) — (1 — q)Dyop—_1(x) —{n},on(x) = —0p_1(x), n > 1. (38)

In particular, by (53) we obtain the following recurrence for the ¢-
Laguerre polynomials, which is a g-analogue of [26, p.134]:

x (a) —g){a+n *) =
D)) ~ 2(L = o+ n}, DL, (1) )
{n}q (a)( ) — {a—l—n}q n— 1q(x)

Now let’s assume that U has the formal power series expansion

U(u) = nynu”. (40)
n=0
Then
o o0 n k n
Tex"l
(o)t = , 41
;%U @ nz%kzo n— k! .
so that
n k
oula) =Y (42)
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Now by the ¢g-binomial theorem

Cin,g VKT kgn
S {chuam(ay = 35 Ll

n=0 k=0

{C}n+k,q7kxktn+k B {e+ k}n,qtn {C}k’,ﬂk@t)k .
HZ:O; {n},! N HZO; {n},! 1 N (43)
- g ve(xt)F
otehnta G 3 (et

As a special case we get the following generating function which is a
g-analogue of [18, p.43, (73)], [26, p.135, (13)].

g Lng (2)t7 Chng ¢ T (—at)”
Z{} Z{{} g (—at)

nt 1+ atng(t; @etn (44)

162(c; 1+ alg; —ztg (1 — q)||—; tq°).

Consider the important case ¢ = 1+ « in (44). This is equivalent to
24, .29 4.17], [1, p.132 4.2], [19, p.120 117]. Call the RHS F(z,t,q,a).
By computing the g-difference of F(z,t,q,«) with respect to x we ob-
tain

DyoF = —tq'" " F(qz,t,q, 0+ 1). (45)
Equating coefficients of t", we obtain the following recurrence relation

which is a g-analogue of [26, p.203]. Also compare with [22, p.109,
3.21.8] and [23, p.79).

D L) (x) = ="+ L) (2q). (46)

n—1,q

By computing the g¢-difference of F(z,t,q,«) with respect to ¢ and
equating coefficients of ", we obtain

a+l) /¢ a+1
) = L (@)

. . (47)

{n+ 13, L% (2) = {a+ 1}, L (@) +
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e (—x)" t; a n tn_l —t"D,(t: a n
Dq,tF _ Z q ( I') (( .7 Q) +1+ {n}q 'q( 7Q) 414 )
(tQ7 Q)oz—l-l—‘,-n (ta q>a+1+n{n}q-

S P Dsnen{ndt™ 1))
(t¢; Q)at14n(t; Q) atr4n{nty!

o = qn2+na( )ntn({n}q 7 Ly {O‘ +1+ n}q>

B Z (ta Q)a+2+n{n}Q'

St (o) | g (o))

B ZO (t§ Q)a+2+n{n}q! 0 (t§ Q)a+2+n{n}q!

e’} n2+na+n

00 qn2+na+n{a + l}q(—ZL‘t)n 1 q ( J,’t) (— — 1)
= + )
) (t;q)

0 (t; @arz4n{nty! t(1—q =0 at2+n{ntq!
_Zt {o+ 1}, L) (2 )+1—_qzt I(L%,;l)(g)—L;,fl)(x))
n=0
n « n a+1) a+1)
—Zt{a+1}q l 1_q Zt (L0, = D @)
(48)
Equating coefficients of t” we are done. O

The last equation can be expressed as
{n+ 1oLl (@) = {a + B LS (@) = ag* L (). (49)

Furthermore, the relation (1 — t)F(x, t,q,a+ 1) = F(z,tq,q,a) yields
the following mixed recurrence relation, which was already stated in
24, p.29 4.12]:

L (@) — LY (@) = ¢" L) (x). (50)

n—1,q
By the g-binomial theorem we obtain the following equation, which

is a generalization of [24, p.29 4.10] and which is a g-analogue of [26,
p.209], [1, p.131 3.16], [19, p.130 38].

L) () :Z< i “Ba B (eI, o geC.  (51)

n—Fk,q
—~ (L

iL N Z 2-l—om ;Ct 1 i qn2+ﬁn( xt)nq( B)n
{n}q t q 1+a+n (t ) {n} (tqa ﬂaQ)1+ﬁ+n
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Z 1q t’“lszlq )tlgle=ot

k=0

Equating coefficients of t" we are done. O

By (50) and (46) the following important recurrence obtains:
() = L, ,(2)) = =" LYY, (xq). (52)

The following generating function can also be found in [22, p. 109,
3.21.13]. It is a g-analogue of [18, p.43, (737)], [26, p.130], [19, p.121
127].

e (o) )"
Z —Ln,q( )t = Eq(t)oqf)l(—; 1+ O-/|Qa q1+a(1 - q)Q(—ZL‘t)) =

n=0 o (53)
Dy(1+ a)(xt) 2 B, (1) JP (2(1 — q)Vat; q).

Proof. Let ¢ — oo in (44). O

Remark 3. Another similar generating function is obtained by letting
t — tq ¢, ¢ — —oo in (44). These limits are g-analogues of an idea
used by Feldheim [18, p.43], which is not mentioned by Rainville.

Making use of the decomposition of a series into even and odd parts
from [27, p.200,208], we can rewrite (53) in the form

L) Lo

Z {12:_(1(1}2”(1 {1+ a}q Z {2+ a}an = E,(t) [0@157( 5

q't (1 —q)ut
1 R q1+C¥

l+a 24a 24a 11~ A2

1 — 42t2—
’ 9 ) 9 ; 9 22 ( q>.fC )

a3 3~
0¢7(—5 57 5, 1|(I> q8+2a(1 - q)4:v2t2)] )

(54)
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and replacing t in (54) by it, we obtain
2nq tz) + it - L2n+1 q( )(_t2>n
{1“"04}2%(1 {1+a}, =0 {2+ atong

o l4a 14a 24+a 2+a 1
= (Cosy(t) +iSiny(t))op7(—; 5 5 g g 'y
)

14+
¢ (1 —q)xt, . ,
1_—q1+a)(52nq(t) — ZCOSq(t) X

g, —¢* (1 — ¢)*2’t) +

2+« 2—|—a 3+« 3+a33
2 7 2 7 2 ' 92 29

1|q7 _q8+2a(1 . q)4x2t2).
(55)

07 (—;

Next equate real and imaginary parts from both sides to arrive at the
generating functions

(—t2)n l4a 1+a 24a 24a 1 1~
2nq
=C t —: —
{1+a}2nq 0sq(thodr(=—— 55
1+«
o ¢ (1 —q)at .
g, —cf‘+2 (1—q)'at) + T e ()
2+« 2:-/04 3+« 3:-/@ 33~
. 227 8+20(1 4,242
O(b?( ) 9 ) 9 ) 92 ) 9 72727 ’q> q ( Q) )
(56)
and
iLgﬂLLq(x)(—tQ)" {1+ a}Sing(t) br( l4a 1+a 2+a
—~ {2‘|‘OZ}2n7q n o¥7 ) 92 ) 9 ) 9 )
2fa 11~
) —+2_ a? 57 57 1‘Q7 _q4+206<1 - q>4$’2t2) - LIZ‘q1+aCOSq(t>X
2+« 2/—|\—/04 3+« 3/—|\—/a 33~
_ =z =z 1 _ 8+2a 1 4 2t2
0¢7( 3 9 5 9 ) 9 ) 9 a2727 |Qa q ( Q) xz )
(57)

The following generating function is a g-analogue of [18, p.43, (74")],
8, p.399], [19, p.120 117].

00 " E;(—ZL‘t)
ZLgaq*n)(x)t”qQ)_”o‘ =1 " <1, |zl <1 (58)

— " (=t 9)-a
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Proof.
S o)
n=0
00 n (% 21 ko
S prgle) ey (Lt o —mia)n(nighg ()ritrhary — ko
= — (L4 a—n;q)e(l;q) (L;q)n

n=0 k=0
(L+a—n—kiqher(—n = kigh g 01— g)hat
(1+a—n—kqrlagn (L5 @)t B
=30 Yt B AT i gt
n=0 k=0 ) ) n
_ S n(_ 2 {0 @n - Nk k(. ktkq@) B E%(—:Ut)
_g;t(n m@nZ;1 ”x(1>m@k‘¢ﬁ@ﬂ'
(59)
O

3. PRODUCT EXPANSIONS

The theory of commutative ordinary differential operators was first
explored in depth by Burchnall and Chaundy [3], [4], [5]. This tech-
nique was then used to find differential equations for hypergeometric
functions in many papers, e.g. [6]. Unfortunately, it is very difficult to
find g-analogues of these results. We will however prove four ¢g-products
expansions. We begin with a g-analogue of Carlitz’ result [7, p. 220].

Theorem 3.1. Let € denote the operator which maps f(x) to f(qx).
Then

n

Lgff)’c(x) = H(ququ_l — x4 {a+E},)
k=3

(60)
(ngDq - $q3+a +{a+ z}q)(xDq - qua +{a+ 1}(1)17

where the number of factors to the right is n.

Proof. The theorem is true for n = 0. Also we find that it’s true for
n = 1,2. Assume that it is true for n — 1, n > 3. Then we must prove
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that

(L )y (—mq)y g GV — gyhgk
—~ (I+o q) (L; q)x (1—q)
¢"zDye ! — 2g® T + {a +n},) (61)

)—‘/—\

3

<1 —|—Oé q 1 <1 n; q>kq Q_k-‘rkn-‘rcxk(l q)kxk
A+aqge (Lo (1—g)t '

OM

A calculation shows that RHS=

3
—

K2k
(1+a;q)n (1 —n;q)rq = k(1 — g)ka®

—(1+aqhe (L (1 —q)"
n— <1 + o q>n N <1 —n: q>kq R +kn+akq2n+a 1(1 _ q)kl‘kJrl
— (It+aogr  (Lgk (1—g)"!
n—1 n4a
+q (14 0 q)a 1 (1= nyq)p g7 Hmrokg k(1 — g)t
—~ (I+aqe (Lgk (1—q)r
(62)
Finally, we must prove that
1— qn+a 1— qfn _ qfk(l _ anra) 1— qkfn qnf2k(1 _ qkfn) okt
1— qk+a 1— qk 1 — qa+k 1— qk 1— qa+k (63)’
which is easily checked. U

The following theorem, which is a g-analogue of [25, p.374 (2)] is
proved in a similar way.

Theorem 3.2.

Lno,g () = % H k—meq +{a+ k}) Ey(—x). (64)

k=1
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Proof. The theorem is true for n = 0. Assume that it is true for n — 1.
Then we must prove that

(1+ 03 q)n (—ns g g~ (I F Itk — gyegh
—~ (I+oqe (L (1—q)
= Ex1(x)(¢" 2Dy + {a +n}y)
= (14 a;q)n-1 (—n+ 1;9)k q*(§)+k2+k(n*1)+ak<1 _ q>kxk -
k=0 (1+ o q)i (L) (1 —q)1 Ey(—x)
(65)

A calculation shows that RHS=F1 (z)x

n—1 _(k 2 e o
{a+n}, > (1+ 05 q)as (= + 1 g)y g (ITFHRO—Dak(G gy
q

— (It+oge (Lo (1—q)n!
+q"
S (L4 a3 g)o (0 4 Ligh g IHHHOTDRR( )1 — et
Zl It+age (L (1—q)n
_ Z (1+a;q)n—1 (—n+1;q) q*(g)+k2+kn+ak(1 _ q)kxk E(o)
(14 a;q)k (1;q)r (1 —q)n 1 q :
(66)
We must prove that
1—qg"t 04U®kq§+?%MﬂW1—qy<_
1+ aqe (Lo (1—@n
1— ¢ (1 —n;q) q B +kn+ak(1 q)k+
(I+a;qr (L (1—q)
gt (1 —n;q)k q§_§+kn+a’f(1 — ") (1 = g)* (67)
I+agk (Lo (1 — -
P (L= mig) g5 E koo gy

I+aigh (Lgra 1—qr :
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which implies that
1— qn+a 1 — q—n B q—k(l . qn-i-a) 1— qk—n qn+a—k(1 o qk—n)

"
1_qk+a1_qk_ 1 — otk 1—g* 1 — gotk 7
(68)

which is easily checked. 0

The following theorem is a g-analogue of Chak [9], see also Chatterjea
[12].

Theorem 3.3.
L) (x) =2~ " Ei(z)(2°Dy) "2 T By (). (69)

q

Proof. The theorem is true for n = 0. Assume that it is true for n — 1.
Then we must prove that

2
i (1+a;q)n (=15 Q) ¢ ;k+kn+ak(1 —q)a* _ 2" B (x) 2% X
LT+ a;q) (La A-om '

K2k | ko (n—1)+ak k phtadtn
xDZl+aqn1< n+1,q)rq 2 (1-q) %
1+ a;q)n (1;q)k (1—g)!

X Eq(— )
(70)
A calculation shows that RHS=
"Z_l (Lt o @nr (0t L
— (1+aqr (Lo
B2k L (n—1)4ak (1 _ koo
q e (1—-9q)
: (1 g ({k+a+np(1+1-q))—2)
_ (14+ a;q)n B (—n 4+ 1;¢)pn—1 "QT’”-&-TLQ—&-omxn 71
(1 —q)" <1;Q>n71 ( )
n—1 . k2+k+knfk+ak k
Z 1—|—aqn1< n+1;,q)kq 2 z(l—q“””)—
1+ a;q)x (L;q)n (1—Q)n7k
B — (1+0¢;q) 1{(—n+ 1;q)k— 1q T +kn+akxk_LHS
k=1 (I+aqr1  (Lgra (L—gq)n* '
O

The following theorem is a g-analogue of Chatterjea [10] and a gen-
eralization of (69).
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Theorem 3.4.
L) (2) = 2B () ({1 — K}gr + ¢ 22Dy e By (~a). (72)

With the help of (69) we can prove a g-analogue of a bilinear gener-
ating formula for Laguerre polynomials of Chatterjea [12, p.57].

Theorem 3.5.

(B @)L

o ( 1)r+sx7’ys . tqr+a+8+ﬁ
E;(x)E;(y)rgo 15T A 3%(0 ,—S—ﬁ,—|q71—_q).
(73)
Proof
LHS ix{na}:E}Z(x)(ﬁqu)”xa_"HE( z)y P x
n=0 7
E1(y)(y* Dyy)"y" " Ey(—y)t" = Bx(2) B (y)a ™1y x
> ) ()" () ()
n=0 q
T n - (_1)7” atr—n
= B (2)E1 (y)a= "ty 12{ » (26)" (y65) ;0 o tronl
Z ({_S;)jy[3+s—n+l _ E% (l‘)E% (y)x—a—ly—ﬂ—l
s=0 a
ZO {n}q' Z o, '{r+oz—n+ 1}, 2

00 ( 1)3 ) . st ) o ( 1)r+sxrys
2 g e ATt Do = B @B D Ty vy

00 (—r—a,—s — 3;q)n (n)Jrn(aMJrﬁH
E q = RHS.
(Lgn(1—q)"

(74)
O

By the same method, we can find a g-analogue of a bilinear generat-
ing formula for Laguerre polynomials of Chatterjea [11, p.88].
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Theorem 3.6.

ZOO (1,7; @)n(zyt)"
) [ L ) I 8) _E
n=0 <CL/ +1, ﬁ + 1 Q>n v ($) ”7q(y)

o0 (_1)r+s r,,s

2. o

1T Ao atr+ L B+ s+ Lat 1 84 g, ayt).
q* q°

r,5=0
(75)
Proof
[ P S L1 D R T S SY SR
— (a+ 1,84+ Lq)n, ({n}g)* = o !

—-a—1, —g-1

y B ( )( “Dyy)"y By (—y)t" = Ex(2) s (y)a~* 'y~ x

(e 9]

. 1 ) > n & (_1)r a+r+1 n (_1)8
Y T X e 03

n:O : r=0 Tsq: s=0 {S}Q'

(y)

yﬁ+s+l —F ($)E

<1’ ; q>nt” 0 (_1)r+s$n+7’yn+s

1
q

s (a+ 1,0+ Lgn({n}!)? ZO {r}{s}q!

-1 T+Sx7‘ s
w2 e

n—

{r+a+1},{s+0+1},,=Ei(x)E

1 1
q q

i": (vya+r+1,8+s5+1;¢)n
(La+1,8+1;¢),

“(xyt)" = RHS.

n=

Put v = 4 1 in (75) to obtain

Theorem 3.7.
— (L g)nt"
o dmr a) I B) _
RZ:O (a+1;¢)p n,q(x) n,q<y> % t 7 ey Z {s} tqﬁ—i—l
X 102(8 + s+ Lia+ g, —at(1 — q)g" || —; t msﬂ)

(77)

X
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Proof.
&0 oo 1)T+S:IZ' y
A d/int @ NLB) () = E E (—
2{% <x4_1  a@LL) = Er@EL ) 3 e

[e.9]

wi(a+r+10+s+Latllgt)=Ei(x)E

2 1M s)!

17

(y) Z (_1)7"4—51.7"?/8 y

1
G@%rzﬁMB+S+L_“a+U%W“””Fﬁf““):
oo (_x),r
El(l’)El «
’ ( B'H Z {S}q tqﬁ—H )s ; {T}q!
2p2(B+s+ 1, —r;a+ 1|C],tqa+r+1”_; tqﬂ+s+1) = E1(2)E1(y)
Ly (2 N~ (Bts+L—riah
(5 2)a ;{S} t‘lﬁﬂ q)s Zo {r}q! £ Z (1,a+1;q)k
_ ko (5)+k(arr+1)
X (—1) % - = F( Z ﬂ -
(tq +s+ ,q)k_ q t q B‘f‘l {S} q + )
% i (B+s+1;¢)(—=1D)F (at)*(1 — q)qu +ha hig
o (La+1;q) (tg%+5+1: )y .
(78)
O

Put = a and 7 = a+ 1 in (75) to obtain the following g-analogue

of the Hardy-Hille formula

Theorem 3.8.

> E1(z)Ex(y)
j{: Ly (x) L (y) = "
— (a n 1 ) ’ (t; @)ar1

> —)5 (=) 1— 2kxtkak+k2
Z(y)() (1 —q)™(zyt)"q

s,r,k=0 {S}q! {T}q! <1’ a+ 17 q>1€<tqa+1; q)r+2k+s '

(79)
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(_1)7’—&-833 ys ] 1. 1 £ =
L) Y S ra e trtLats+Lat g =

r,5=0 {r}q!{s}q! ’
(—1)T+S£CTZ/S
%(y)z {r}q!{s}q! (tQQ)a+r+s+1x
E5<x>E5< W& (ay

(EQan 2= (P}t 5 q),

r,s=0

2¢1(_T7 S + 17 |Q7 tqa+r+s+l) =

Y _y : a+r—+s
Z {s}, '(qua+)1+r. q)s 201(—7, —s;a + 1, |q, tg* T ) =

E% DB ) & vy’ (—y)**
(t; Q)a+1 Z{7“} l(tq>t1sq Z s+ Bl (tg* 7 q)s e

E%( JEL(y) & (—z)"

<_8 - ka - Q>ktk; (atr+s+1)k+k2 _

= X
(La+ 1) (6 @as g kel (a5 0),
T et BT

5 (L)L a+1Lak(te 7 q) s (t; @)t

i (=y)° (=2)" (1 —q)™(ayt)* g™
5,7,k=0 {sto! {r}e! (Lo + L a)e(tq™™ @) rronrs
(80)

U
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