¢-BERNOULLI AND ¢-EULER POLYNOMIALS, AN
UMBRAL APPROACH II

THOMAS ERNST

Abstract We proceed with pseudo-g-Appell polynomials in the spirit
of [12]. It turns out that these g-Bernoulli numbers are the same as
Bincg As in [12] we find g-analogues of many formulas in [38], the
umbral calculus works remarkably well also for pseudo-g-Appell pol.,
only the ¢ is put up instead of down corresponding to inversion of basis.
We also find new ¢-Euler-Maclaurin expansions.

1. HISTORICAL INTRODUCTION

This is a continuation of [12]. The aim is to present pseudo-g-
Appell polynomials and to give the corresponding formulas for pseudo-
g-Bernoulli and pseudo-g-Euler polynomials. In this chapter some his-
torical aspects of umbral calculus as well as finite differences are given.
The purpose is to point out the close connection between these two sub-
jects. The related Stirling numbers are also discussed. We also present
two new g-Euler-Maclaurin formulas together with the most important
g-Appell polynomial formulas from [12]. In the second chapter we come
to the core of the article, the pseudo-¢-Appell polynomials, which show
a remarkable resemblance to the ¢-Appell polynomials.

The Bernoulli- and Stirling numbers are intimately connected by a
well-known formula, they complement each other. The Stirling num-
bers were probably first used by Thomas Harriot (c. 1560-1621), a
British astronomer and mathematician, who seldom published his writ-
ings due to financial insecurity. In 1715 Brook Taylor (1685-1731) used
calculus of finite differences in his monumental work Methodus Incre-
mentorum Directa et Inversa. Taylor travelled to France to see Pierre
Rémond de Montmort (1678-1719), who had published on series with
inverse factorial function argument, a precursor to the g-binomial the-
orem.

James Stirling (1692-1770) in his most important work Methodus
Differentialis [45] gave a treatise on the calculus of finite differences.
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Here we can find the series

1 1 a ala+1)

x—a25+x(:v+1)+:1:(x+1)(:1:+2)+"" (1)

usually called Stirling’s series, but given before by Montmort and Francois
Nicole (1683-1758) [35] in 1717 [49, p. 32]. This formula for a slowly
converging series was later g-deformed by F.-H. Jackson.

By this time the Bernoulli numbers were well-known in England;
around 1735, Colin Maclaurin (1698-1746) and Euler independently
discovered the Euler-Maclaurin summation formula. There are more
than one form of this formula. The form I is the one found in Saalschiitz
[44], with g-version in [12]. In this paper we find two g-analogues of
Ngrlund’s form I1. Finally, there is Malmsten’s form III, which is similar
to IL.

Already in 1803 Robert Woodhouse (1773-1827) had attempted to
put the calculus on a rigorous algebraic foundation using a formal se-
ries expansions method similar to that developed by Lagrange in his
important book Principles of Analytic Calculation.

The first immediate reaction on Woodhouse 1803 book came when
Rev. John Brinkley (1763-1835) in a paper in Phil. Trans. Royal
Soc. London in 1807 started the first symbolic calculus. The Brinkley
paper contained some abbreviations for expressions like %7: and % Here
& is the fluxion of z. Brinkley also calculated with expressions for
differences of nothing, the precursor of Stirling numbers. Of course the
Stirling numbers were known already to Thomas Harriot, but Brinkley
probably knew nothing about this. Although Brinkley knew about
Arbogast, he writes: My publication has hitherto been delayed by my
unwillingness to offer a fluxional notation different from either that of
Newton or Leibniz, each of which is very inconvenient as far as regards
the application of the theorems for finding fluxions.

Brinkley’s work became widely known in Russia, partly due to his
fame as astronomer. After having acquired the chair of astronomy at
Trinity College, Dublin, in 1790, Brinkley had to wait 18 years until the
new telescope was erected, where it still stands. Brinkley was eighteen
years waiting for his telescope, and he had eighteen years more in which
to use it. During the first of these periods Brinkley devoted himself
to mathematical research; during the latter he became a celebrated
astronomer.

The Lucas umbral calculus was widespread in Russia, for example
you will find the formula defining the Bernoulli numbers in Chistiakov
1895 [7]. The work of Blissard on umbral calculus also had a stir in
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Russia. In [7, p. 113] you can find the Blissard Bernoulli number
formulas with sine and cosine.

We are now going to turn to how Ngrlund happened to get influences
to his article [37] and to his book [38], published in French 1920 and in
German 1924.

In 1898 Grigoriew [22, p.147] defined Bernoulli numbers of higher
order as follows

" rt - tVBI(/n) (ZE)

v=0

This corresponds to (31).

The Stirling numbers had also been published in [22, p.187] under
different name. Grigoriew was influenced by Sintsov [46], Imchenetsky
[25] and Mikhail Egorovich Vashchenko-Zakharchenko (1825 - 1912).

Weierstrass has said that the finite differences will once play a leading
role in mathematics. Two important elements of finite differences are
the Bernoulli numbers and the I' function. Ngrlund says in a letter to
Mittag-Leffler 1919 ”Someone who is not an expert in these areas, may
not be expert on finite differences”.

Ngrlund had discussed the equation Af(x) = Dp(x) many years in
his correspondance with Mittag-Leffler.

Theorem 1.1. A g-analogue of Norlund [37, p. 125].
The following dual Euler-Maclaurin formulas apply:

v

Dy (& &, y>£ZBNY{§7’}WANWA,qD§f<y>. 3)
k=0 a°

v

Daf(o )= 3" A e, DE 1), @)
k=0 7

Proof. We only prove the first formula. Let ¢(z) be a polynomial of
degree v which satisfies the equation

Anwa,gf (@) = Dep(z). (5)
We can rewrite this slightly.

Anwaqf(7) = (x @y Bywa,g Bq 1). (6)
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Because of a well-known umbral formula we have

= Brxwa k()

f(a @ y) = o(y By Bawag(2)=) By Dip(y)=
k=0
"B (x) @)
> a0
k=0 7
Finally operate on both sides with D,. U

Carl Johan Malmsten (1814-1886), contemporary and friend of Gosta
Mittag-Leffler (1846-1927), discussed a similar formula (¢ = 1) in [30]
and [31].

2. PSEUDO ¢-APPELL POLYNOMIALS

We will now start to introduce the notation associated with pseudo-
g-Appell polynomials. Often a formula in [12] is slightly changed by
putting the ¢ up instead of down. This corresponds to inversion of the
basis. In some formulas we keep ¢ down, but change it to %.

Definition 1. The ¢-coaddition is defined by

n

(a®?b)" = Z (Z) ¢Egk Tk =0,1,2,. ... (8)
q

k=0
Definition 2. The Ward-Alsalam g-coshift operator is given by
E(@7)(z") = (z &' w)" (9)
When w = 1, we denote this operator E(®?).

Definition 3. The invertible linear difference operator for the NWA,
is defined by
q E q\w __ I
Bwa 2 B@" =1 o (10)

w w
where [ is the identity operator. When w = 1, we denote this operator
Awa-
Definition 4. A g-analogue of the mean value operator of Jordan [27,
p. 6] (w=1), Nerlund [38, p. 3], and [33, p. 30].

Viwa — E@9)Y + 1

w 2

(11)

When w = 1, we denote this operator Vi -
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Definition 5. If w is a Ward number 7n,, the difference operator for
the NWA is defined by

q E(@)" — T
A B@O)" 21 (12)
nq n
Theorem 2.1. A g-analogue of the Newton-Gregory series [6, p. 21,
2.7], [27, p. 26], [33, 2.5.1], [29, p. 243].

_ — (n
rn) =3 () Bttt 00 (13)
k=0
The formula (13) can be inverted as follows
Theorem 2.2. A g-analogue of [29, p. 136, (3)], [33, 2.5.2].

n - n— n 1.
a0 =S () ) swarky). )
k=0
The pseudo-¢-Appell polynomials are characterized by the factor
Ei(xt) on the left hand side in the definition of generating function.
In the spirit of Milne-Thomson [33, p. 125-147], which we will follow
closely, we will call these g-polynomials ®9.
Examples of pseudo-¢-Appell polynomials or ®? polynomials are

Biiwh,(¢) and Fyd , (o).
Definition 6. A g-analogue of [33, p. 124]. For every power series

fn(t), the ®, polynomials of degree v and order n have the following
generating function

Fult) s (1) = 3 o @l () (15)

[e.e] t'j
falt) =2 72877, (16)
; {v}!
where q),(,”)’q is called a ®, number of degree v and order n.

It will be convenient to fix the value for n =0 and n = 1.

O (z) = 2 W (z) = D (x). (17)
Theorem 2.3. A g-analogue of [2], [33, p. 125 (4), (5)]
Dy®{ () = {v}, @), (a7). (1)

a v ! {V + 1}q

(19)
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We obtain the two g-Taylor formulas

Theorem 2.4.
v U X "
D @, y) = Z (k;) q(g)cpl(/ )qu(q z)y". (20)
k=0 q
Oz Byy) = Y (Z) )00 (q"2)y" (21)
k=0 q

The first formula gives the symbolic equality
Theorem 2.5. A g-analogue of 33, p. 125 (3)]
U (2)= () B, x)". (22)

v

Theorem 2.6. A g-analogue of [33, p. 125]

(E %( ) = D fa(?) % Z{ Tl AqNWA n’q(f)‘ (23)
Proof. Operate on (15) with Afyya- O

Theorem 2.7. A g-analogue of [33, p. 125]
(E1(t) +1) >
S (OB (at

5 (L (xt) = ;{ T

Proof. Operate on (15) with V- O

NWAq)( )q(l’)- (24)

A special case of the ®, polynomials are the 39 polynomials of degree
v and order n, which are obtained by putting f,,(t) = % in (15).
Definition 7.
e tl//Blgn)’Q(‘,L.)
{v}!

Theorem 2.8. A g-analogue of [33, (2), p. 126], [43, p. 704], [29, p.
240).

(25)

Alwa B0 () = {v},8777 () = gD B (g ). (26)

Proof. Use (23).
U

By (22) and (26) the following symbolic relations obtain.
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Theorem 2.9. A g-analogue of [33, p. 126].
(818, (o) — (BB ) 2, (0B, 2 (21)
(B 988,1)" — G ={u g8 (28)
Theorem 2.10. A g-analogue of [37, (20), p. 163].

Afeaf (B 4()) = F(BI(2)Bg1) — F(BI(x)) = Dof (B8 (g "))

(29)
Theorem 2.11.
2 (k) B¢ )a @ = ()87 @), (30)
k=1 q
Proof. Use (20) and (27). O

A special case of 4? polynomials are the generalized pseudo ¢g-Bernoulli

polynomials Bl(\?&}qAW(x) of degree v and order n, which were defined for
g =11n [33, p. 127], [37].

Definition 8. [38, (36) p. 132]. The generating function for Bgl\g\’,ivy(x)
is a g-analogue of [43, p. 704].

oo v (n)vq
" t"Bxwa., ()
————Ei(2t) = —— || < 27 (31)
GROER i D v

This can be generalized to
(n),q

Definition 9. Let {w;}7_, € C. The generating function for By , (z|wr, - ..

is the following g-analogue of [38, (77) p. 143]:

oo v (n)vq
Wy ... Wy, t'B Szjwr, ..o wy
e gy 5 PP (] ‘1 )7
Hk:l(E%(wkt) —1) @ =0 {v}q! (32)

2 2
t| <min(|—|,...,|—|)-
] < min(| =5, 77

Corollary 2.12. A g-analogue of [28, p. 639].

Eq(tqu\IWA)iﬁ' (33)

q

The following special case is often used.

Definition 10. The pseudo NWA ¢-Bernoulli numbers are given by

1 ’
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By the generating function, it turns out that these g-Bernoulli num-
bers are the same as those previously studied:

Biwa,, = Buncg (35)
The following recurrence obtains:
BKIWAO =1, (BKIWA EEq 1)k - BlleA,ki‘SLk- (36)

We see immediately that the Biwa € Q(q).

Theorem 2.13. We have the following operational representation, a
q-analogue of [22, (4), p. 147], [47]:

BI(GZ\B\}qA,u(wh cet 7wn)£(@%71:1wquNWA)y' (37)

The following operator will be useful in connection with Bﬁ@ﬁxw(z).

Definition 11. Compare [6, p. 32] (n = 1). The invertible operator
(Sgx)"™ € C(D1) is given by

1
q

(E.(Dy) - I)"
(Sgn)" = — 52 (38)
This implies
Theorem 2.14.
(Aoa)" = D3 (S8x)" (39)

Theorem 2.15. A g-analogue of [39, p. 1225, i|. The q-Bernoulli
polynomials of degree v and order n can be expressed as

Biwh, (t) = (S§.x)"t". (40)

Proof.
LHS = Z() ot Z ?va’qukt” PEY pHS. (41)
O

Theorem 2.16. A g-analogue of a generalization of [6, p. 43, 3.3]

n

> (B 01 Ry = -t 1 (42

k=0
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Proof.
by (14) n n), n n n),
LHS "=" (D" Bk o (1) = DI(S0)" Biwh,o(2) = "
DI (55 )" (S ) 2" = Dia” = v = + 1}, 10"
O
Corollary 2.17.
n . n o, B
S ()R = byt b
k=0
Proof. Put x =0 in (42). O

Theorem 2.18. A g-analogue of [29, (1), p. 240], [43, p. 699].
f(Biwa By (2 @71)) — f(Blwa By 2)=D,f(2), (45)

where here and in the sequel, we have abbreviated the umbral symbol by
Brxwag-

We will also state the corresponding equation for Bl(\?&’,xy.

Theorem 2.19. A g-analogue of [22, (7), p. 152], [37, (11) p. 124],
138, (36) p. 132].

F(BGwA By (x @71)) — F(BYwA By 2)=D, f(Biwa " By x).  (46)

Theorem 2.20. Compare [6, 3.15 p. 51], where the corresponding for-
mula for Fuler polynomials was given.

q {V}q v—1 __ {V}q v—1_-- q v
BNWA,V(JC) mx = W =(Biwa By )"

1
q

(47)

We will now follow Cigler [6] and give a few equations for pseudo ¢-
Bernoulli polynomials. The first two of these equations are well-known
in the literature (¢ = 1).

Definition 12. A g-analogue of [24, p. 87], [6, p. 13], [50, p. 575].

n—1

SqNWA,m(n) = Z(

k=0

)™ shwao(1) = 1. (48)

1
q
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Theorem 2.21. A g-analogue of [6, p. 13, p. 17: 1.11, p. 36|, [29, p.
237].

g BlzIWA,erl((n%)) - B%IWA,mH
SNWA,m(n - {m + 1}
q

1

m+1

m+1\ _ o

= )W;)’“B"mmﬂ—k )
k=1 q

1 o m—+1 m —m—
9 k=0 q

Theorem 2.22. A g-analogue of [6, p. 45|, [37, p. 127, (17)].

et BX z®71) — B x
v = [ B lat) ) = Pt ) = B (1)
T " {n+1},

(50)
Proof. g¢-Integrate (18) for n = 1 and use (26). O

This can be rewritten as a g-analogue of the well-known identity [21,
p. 496, 8.2].

gt = {71%1}(1 Z (n Z 1) quNWA,k(x)' (51)

k=0
Cigler has given some examples of translation invariant operators. One
of them is the Bernoulli operator.

Definition 13. The pseudo-g-Bernoulli operator is given by the fol-
lowing ¢-integral, a g-analogue of [6, p. 91], [8, p. 154], [42, p. 59], [43,
p. 701, 703].

P91
Baf@= [ f0d,0. (52

Theorem 2.23. A g-analogue of [6, p. 44-45], [39, p. 1217].
The pseudo-q-Bernoulli operator can be expressed in the following
form.

Tf (@) = Agﬁvw ) (53)

Proof. Use (40) and (50). O

Theorem 2.24. A g-analogue of [6, p. 44-45]. We can expand a given
formal power series in terms of the Bl k(x) as follows.

/ DFf(t)dy( N{V;;*}"fl( ). (54)
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Proof. Assume that

fao) =Y {Z—f,q!BqNWA,m. (55)
As we have
a* = S]%,NBqNWA,k(x)v (56)
F@) =3 g (Sha) 't (57)
Stxf(a) = ot (58)

This implies

q 1
o1 = DSt lano = DR 0o = [ DRS00 (59)
1 0

4

A special case of the ®? polynomials are the pseudo 7, polynomials
of order n, which are obtained by putting f,(t) = =222 in (15).

(E%(t)Jrl)"
Definition 14. A g-analogue of [33, p. 142, (1)].

n 0 Ly, (n)g

2 ()
———————g(t)Ei(at) = . (60)
GROESACR I D v

By (24) we get a g-analogue of [33], [32, p. 519].
Viwany™(x) = nl"=1(x). (61)

We will now define the pseudo-¢g-Euler polynomials, a special case of
the pseudo-n,-polynomials.

Definition 15. The generating function for the pseudo-g-Euler poly-

nomials of degree v and order n F&%ﬁvy(x) is the following g-analogue
of [41, p. 102], [33, p. 309], [48, p. 345].

2" (at)
W Z{ }q' NWAI/( )77 ‘t| <. (62)

This can be generalized to
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Definition 16. Let {w;}!", € C. The generating function for the

pseudo-g-Euler polynomials of degree v and order n Fglg\’,i,y(xwl, CeWh)
is the following g-analogue of [38, p. 143 (78)]:
2nEl (I't) > Tl
n y :Z—| l(él\g\}un(x’wlw"awn)’
Hk=1(E§(Wkt) +1) = A{v}! ’ (63)
s s
t| < min(|—/|,...,|—]).
< min( 2 1 )
Corollary 2.25.
2
E,(tF?} = 64
Q( NWA) El(t)—f-l ( )
Obviously, Fl(\?&}i’,/(x\wl, ...,Wwy) 18 symmetric in wy,...,w,, and in
particular
1), v x
Frwh o (710) = & Flawa o (5). (65)
From .
\V4 " n), v
a()h I.V.V.V/,qun Fwa, (tlwr, .. wn) = (66)
we obtain
Vi p n), n—p),
Wl e e, ) = F2 o, o wa). (67
1y, Wp
Theorem 2.26. A g-analogue of [33, p. 144, (7)], [38, (7), p.121].
: v n), n), n—1),
> () FoL o)+ FRAL () = 2GR0, 09
k=0 q

With this formula we can compute all pseudo-g-Euler polynomials
of order n, given knowledge of the polynomials of order n — 1.

Definition 17. A g-analogue of [37, p. 139], [29, p. 252]. The first
generalized ¢-Euler numbers are given by

Fiwh,» = FXwa o (0). (69)
Furthermore we put
1), — (),
FqNWA,k = Fl(\n)zvzx,k? FqNWA,u(x) = FI(\T\)N?A,V(:E)‘ (70)
Theorem 2.27. The operator expression is a q-analogue of [6, 3.15 p.
51].
_ 2 v 2 |28 q v
Frwa(z) = E T = a¥=(x By Fywa)"” (71)

(D%)—i-[ E@®)+1

Q=
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The following 2 recursion formulas are quite useful for the computa-
tions of the pseudo-g-Euler pol.

Theorem 2.28. A g-analogue of [38, (27), p. 24].
FqNWAz/ +Z( ) FqNWAk x) = 22" (72)

Theorem 2.29. A g-analogue of [6, 3.16 p. 51], [29, p. 252].
(Flwa By 1) + (Flwa)"=200,n- (73)

Theorem 2.30. A g-analogue of [5, p. 6 (4.3)], [37, (19), p. 136], a
corrected version of [29, p. 261].
S (Fwa By (2 @11)) + f(Flwa By 7)=2f (2). (74)
We will also state the corresponding equation for FN&,A , Wwritten in
two different forms.

Theorem 2.31. A g-analogue of [37, (19), p. 150, p. 155], [38, (29)
p. 126).

n n—1
VqNWAf(Fl(\IWA B, v)= f(Fl(\IWA) 8 ¢ T)=

q (n’ (n 1)’ (75)
VNWAf(FNWA(x)):f(FNWA (95))
As before we have
Flwa.n = Fancng- (76)

Theorem 2.32. We have the following operational representation, a
q-analogue of [47].

FRWA (@1, ) (@ Pl )" (77)

Theorem 2.33. The pseudo-q-FEuler pol. can be expressed as a finite
sum of diff. operators on x™. Almost a q-analogue of [27, p. 289].

(-

FqNWA,n(QC) = Z om Afwa 2" (78)
m=0
Theorem 2.34. A generalization of (72).
-n - n n), 1 v
27"y (k) Flwa (@ ki) =a". (79)

k=0

Proof. Develop (VqNWA)”FgZ&i,V(x). O
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Definition 18. A g-analogue of [24, p. 88]. The notation from N.
Nielsen (1865-1925) [36, p. 401] is a slightly modified variant of the
original paper by Lucas [29].

Slwam(1) = (- )F (D)™ (80)

Theorem 2.35. A g-analogue of [6, p. 53], [33, p. 307], [20, p. 136].

(_1)n71FqNWA,m(ﬁ%) + Flwam

qu\TWA,m(n) = 2 : (81)
Proof.

n—1 o

LHS = ( 1)kv1(<IWAF1q\IWAm( %) =
k=0

1 n—1 L o (82)

5 (—1)* (Flwam( 1 D1 1) + Flywam( %)) = RHS.

k=0

So far we considered only pseudo-g-Bernoulli polynomials and pseudo-
g-Euler polynomials of positive order n. As the sequel shows, it will be
useful to allow n also to be a negative integer. The following calcula-
tions are g-analogues of Ngrlund [38, p. 133 ff]

Definition 19. As a g-analogue of [38, (50) p. 133], we define pseudo-
g-Bernoulli polynomials of two variables as

Bl(\?VJ\rLZ),;/q(x S2N y‘wb st ’wner) = (83)
(B o (@lwi, -+, wp) BT BE (YW, - - - Wisp))"s

where we assume that n and p operate on x and y respectively, and the
same for any pseudo-g—polynomial.

The relation (83) shows that Bgl\g\}qA’y(x\wl, ...,Wy) is a homogeneous
function of z,wy,...,w, of degree v, a g-analogue of [38, p. 134 (55)],
ie.

Biwh , AzPwr, - dwy) = WVBUA L (xlwr, - w,), A€C. (84)

And the same for pseudo-g—Euler polynomials.
This can be generalized as follows.
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Theorem 2.36. A g-analogue of [43, p. 704], [38, p. 133]. If> 7 ,m =

n,

it ota = 2 () TR e
q

mi+...4+ms=k
(85)
where we assume that n; operates on x;. And the same for any pseudo-
q—polynomial.

Proof. In umbral notation we have, as in the classical case
(ml 9. . '@qxs @qﬁ%,y)k ~ ((«Tl @qn_lé’}/) ol .. (IS @qn—sé,yu))k, (86)
where 7/, ..., ~” are distinct umbrae, each equivalent to ~. O

By (26) and (61) we get
{V}q! v—n

(Aowa)"Bywh o () = w—np"
(VNWA)nFI(\?\B\}qA,y(x) =",
and we have

Definition 20. A g-analogue of [37, p. 177], [38, (66), p. 138]. The
pseudo-g-Bernoulli polynomials of negative order —n are given by

{V}q (AqNWA)n xv—f—n, (87)
{v+n}! wi,.. wy

and the ¢-Euler polynomial of negative order —n by the following ¢-
analogue of [38, (67) p. 13§]

Bl(\I_\;/)Sfy(‘ﬂwl? CeWp) =

(VqNVVA)n [BV, (88)

Fl(\fwnk?y(a:\wl, ceWp) = o o
e

where v,n € N. This defines pseudo-¢-Bernoulli- and pseudo-g-Euler
polynomials of negative order as iterated Ay, and Vi, operating
on positive integer powers of x.

Furthermore,
Biwa?, = Bl (0), (89)
Flwad, = FGwa® (0). (90)

A calculation shows that formulas (26) and (61) hold for negative
orders too, and we get

Blowa (2 @7 y)=(Biwa’(z) @ Bwi! (%)), (91)

and the same for pseudo-g-Euler polynomials.
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A special case is the following g-analogue of [38, p. 139, (71)]:
Biwias (@ €7 ) (Bl (#) € )", (92)
and the same for pseudo-g-Euler polynomials.

Theorem 2.37. A recurrence formula for the pseudo-q-Bernoulli num-
bers and a recurrence formula for the pseudo-q-Euler numbers.
Ifn,p € Z then

Bl =(Blwa , © BUwA)”, (93)
Fitwas = (Fiwh &1 Fih)"- (94)

Theorem 2.38. A g-analogue of [38, p. 140 (72), (73)], [39, p. 1226,
xvii].

(@ y) =B (+) 7 BRA ()" (95)

(2 @7 y)"=(Fryi’ (2) &' PR ()" (96)

Proof. Put p = —n in (91). O
In particular for y = 0, we get a g-analogue of [39, p. 1226, xviii].

2”2 (Bywx” ' Bywh (2))”, (97)

(P! 1 Fh ()" (98)

These recurrence formulas express pseudo-¢-Bernoulli- and ¢-Euler poly
nomials of order n without mentioning polynomials of negative order.
As before, the pseudo-¢-Bernoulli- and pseudo-g-Euler polynomials
satisfy linear g-difference equations with constant coefficients.
The following theorem is useful for the computation of ¢-Bernoulli-
and ¢-Euler polynomials of positive order. This is because the polyno-
mials of negative order are of simpler nature and can easily be com-

puted. When the Bl(\fwnj)xv&q etc. are known, (99) can be used to compute

the Bgl\?\}qA’&q.

Theorem 2.39.

- v n), -n),
> (1) B BRI = 9)
s=0 %

- v n —n),
> (1) PR = e (100
s=0 q

Proof. Put x =y =0 1in (95) and (96). O
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Theorem 2.40. A g-analogue of [38, p. 142]. Assume that f(z) is
analytic with q-Taylor expansion

I/

ZD” {V}q . (101)

Then we can express powers of Afwa and Viwa operating on f(x) as
powers of Dy as follows. These series converge when the absolute value
of x is small enough.

0 (7“)7q
(AqNWA)n vin Baxwa y(x]wl, e, Wp)
= > Di"f(0 ’ , 102
RO z o B
(_n)’q
(VNWA v FNWA L(Tlwr, .. wn)
D ’ ) 1
o Z o (103)
Proof. Use (26), (17) and (61), (17) respectively. O

Now put f(x) = Ei(xt) to obtain the generating function of the
q
pseudo-g-Bernoulli- and pseudo-¢-Euler polynomials of negative order.

[Tima(Br(wrt) — DEs (2t) 20y

t I, w ~ =y TiBrway (@lwr, - wn),  (104)
k=1 v=0 q
(1, (Bx(wit) + DEx () >
q on q :Z{V}|F1(\Iwkf1y($\w1,---,wn). (105)
v=0 q-

The reason for the difference in appearance compared to the original for
the following equation is that one of the function arguments is a Ward
number. The following two theorems also obtain for 37 polynomials.

Theorem 2.41. A g-analogue of [37, p. 191, (10)]:

min(v,n)
m n {I/} ' m—k),
BRwi ( z@fn) = Z (k) rli},Bl(vva,)uqk(%)- (106)
q

=0

Proof. Use (13) and (26). O
Theorem 2.42. A g-analogue of [33, p. 133, (3)]:
{V}q - - —k [T\ (). -
" = —1)" By Tk1). 1
{V _ n}q ;( ) k NWA,IJ('T @ %) ( 07)

Proof. Use (14) and (26). O



18

1]
2]

[21]
22]

[23]
[24]

THOMAS ERNST

REFERENCES

W.A. Al-Salam, ¢-Bernoulli Numbers and Polynomials, Math. Nachr. 17
(1959) pp. 239-260.

P. Appell, Sur une classe de polynémes. Annales Scientifiques de IEcole Nor-
male Supérieure Sér. 2,9 (1880), pp. 119-144.

P. Appell & J. Kampé de Fériet, Fonctions hypergéométriques et hyper-
sphériques, Paris, 1926.

E.T. Bell, Postulational bases for the umbral calculus. Amer. J. Math. 62,
(1940), pp. 717-724.

L. Carlitz, Bernoulli and Euler numbers and orthogonal polynomials. Duke
Math. J. 26 (1959) pp. 1-16.

J. Cigler, Differenzenrechnung. Wien 2001.

LI. Chistiakov, Bernoulli numbers (Ukrainian) Moskow 1895.

H.B. Curry, Abstract differential operators and interpolation formulas. Port.
Math. 10, (1951) pp. 135-162.

T. Ernst, The history of q-calculus and a new method. U. U. D. M. Report
2000:16, ISSN 1101-3591, Department of Mathematics, Uppsala University,
2000.

T.Ernst, A new method for q-calculus, Uppsala dissertations 2002.

T.Ernst, A method for g-calculus. J. nonlinear Math. Physics 10 No.4 (2003),
pp. 487-525.

T. Ernst, g-Bernoulli and g-Euler Polynomials, An Umbral Approach. Inter-
national journal of difference equations 1 , no. 1 (2006), pp. 31-80.

T.Ernst, A renaissance for a g-umbral calculus. Proceedings of the Inter-
national Conference Munich, Germany 25 - 30 July 2005. World Scientific,
(2007), pp. 178-188.

T.Ernst, g-analogues of some operational formulas. Algebras Groups Geom.
23 no. 4 (2006), pp. 354-374.

T. Ernst, Some new formulas involving I'; functions. Rendiconti di Padova
118 (2007) pp. 159-188.

T. Ernst, g-calculus as operational algebra. Ruffing, A. (ed.) et al., Commu-
nications of the Laufen colloquium on science, Laufen, Austria, April 1-5,
2007. Aachen: Shaker. Berichte aus der Mathematik, 7.(2007) 1-31.

T. Ernst, g-calculus as operational algebra. Proceedings of Estonian Academy
of Sciences.

G. Gasper and M. Rahman, Basic hypergeometric series, Cambridge, 1990.
J. W.Glaisher, General summation-formulae in finite differences. Quart. J.
math. 29, (1898), pp. 303-328.

H. H. Goldstine, A history of numerical analysis from the 16th through the
19th century. Studies in the History of Mathematics and Physical Sciences,
Vol. 2. Springer 1977.

H.W. Gould, Evaluation of sums of convolved powers using Stirling and Euler-
ian numbers. The Fibonacci quarterly 16, 6 (1978), pp. 488-497.
E.Grigoriew, Bernoulli’sche Zahlen héherer Ordnungen.(Russian) Kasan Ges.
(2) 71, (1898) pp. 146-202.

E. Heine, Uber die Reihe... J. reine angew. Math. 32, (1846), pp. 210-212.

J. Herschel, Collection of examples of the applications of calculus of finite
differences. Cambridge 1820.



¢-BERNOULLI AND ¢-EULER POLYNOMIALS, AN UMBRAL APPROACH II19

[25] V.G.Imchenetsky, Sur la généralisation des fonctions de Jacques Bernoulli,
Mémoire Ac. de S:t Petersburg, T. XXXI No. 11 Ob odnom obobshchenii
funktsii Yakova Bernulli [On a generalization of the function of Jacob
Bernoulli]. Zap. Peterb. Akad. Nauk, (7), 31 no.11 (1883), pp. 1-58.

[26] F. H. Jackson, On basic double hypergeometric functions. Quart. J. Math. 13
(1942), pp. 69-82.

[27] Ch. Jordan, Calculus of finite differences. Third Edition. Chelsea Publishing
Co., New York 1950.

[28] D. H.Lehmer, Lacunary recurrence formulas for the numbers of Bernoulli and
Euler. Ann. of Math. (2) 36 no. 3, (1935), pp. 637-649.

[29] E.Lucas, Theorie des nombres, vol.1. Paris 1891.

[30] C. J. Malmsten, Sur la formule

B1h? Byh?
hul, = Au, — 2 Au), + 11.2 Aull — 1.22.3.4 AulY + ete.
(French) Crelle 35 (1847) pp. 55-82.
[31] C. J. Malmsten, Sur la formule
Bih? Byh?t
hul, = Au, — & Au), + A — 22 AulY 4 ete.

1.2 1234

(French) Acta Math. V. (1884) pp. 1-46.

[32] L. M.,Milne-Thomson, Two classes of generalized polynomials. Proc. London
Math. Soc. (2) 35 (1933), pp. 514-522.

[33] L. M. Milne-Thomson, The Calculus of Finite Differences. Macmillan and
Co., Ltd., London, 1951.

[34] P.Nalli, Sopra un procedimento di calcolo analogo alla integrazione. (Italian)
Palermo Rend. 47, (1923), pp. 337-374.

[35] F. Nicole. Traité du calcul des différences finies, Paris 1717.

[36] N. Nielsen, Sur les fonctions de Bernoulli et des sommes de puissances
numériques. (French) Nieuw Archief (2) 10, (1913) pp. 396-415.

[37] N. E.Ngrlund, Mémoire sur les polynomes de Bernoulli. Acta Math. 43 (1920),
pp. 121-196.

[38] N.E. Ngrlund, Differenzenrechnung. Berlin 1924.

[39] T.R. Prabhakar and Reva, An Appell cross-sequence suggested by the
Bernoulli and Euler polynomials of general order. Indian J. Pure Appl. Math.
10 no. 10 (1979), pp. 1216-1227.

[40] J.-L Raabe, Zuriickfithrung einiger Summen und bestimmten Integrale auf
die Jacob Bernoullischen Function, Crelle J. 42 (1851), pp. 348-376.

[41] S. Roman, The umbral calculus. Pure and Applied Mathematics, 111. Aca-
demic Press, Inc. [Harcourt Brace Jovanovich, Publishers], New York, 1984.

[42] Finite operator calculus. Edited by Gian-Carlo Rota. With the collaboration
of P. Doubilet, C. Greene, D. Kahaner, A. Odlyzko and R. Stanley. Academic
Press, Inc. [Harcourt Brace Jovanovich, Publishers], New York-London, 1975.

[43] G.C.Rota and B.D.Taylor, The classical umbral calculus. STAM J. Math.
Anal. 25 no. 2, (1994), pp. 694-711.

[44] L. Saalschiitz, Vorlesungen ber die Bernoulli’schen Zahlen, ihren Zusam-
menhang mit den Secanten-Coefficienten und ihre wichtigeren Anwendungen.
Springer, Berlin, 1893.

[45] J. Stirling Methodus Differentialis London, 1730.



20 THOMAS ERNST

[46] D.M.Sintsov, O funktsiyakh Bernulli drobnykh poryadkov [On Bernoulli func-
tions of fractional orders]. Izvestiya Kazansk. fiz.-mat. obshchestva (1), 8
(1890), pp. 291-336.

[47] G.Szegd, Review of Norlund N.E., Mémoire sur les polynémes de Bernoulli.
Acta Math. 43 (1920), pp. 121-196. JFM.

[48] L. Toscano, Sulla iterazione dell’operatore zD. (Italian) Rend. Mat. Appl.,
V. Ser. 8, (1949), pp. 337-350.

[49] Ch. Tweedie, James Stirling. A sketch of his life and works along with his
scientific correspondence. Clarendon Press, Oxford. 1922.

[50] H.S. Vandiver, Simple explicit expressions for generalized Bernoulli numbers
of the first order. Duke Math. J. 8 (1941), pp. 575-584.

[51] M.Ward, A calculus of sequences. Amer. J. Math. 58 (1936), pp. 255-266.

DEPARTMENT OF MATHEMATICS, UPPSALA UNIVERSITY, P.O. Box 480, SE-
751 06 UPPSALA, SWEDEN
FE-mail address: thomas@math.uu.se



