DEVELOPMENT OF g-CALCULUS FOR STUDIES OF
MANY-PARTICLE QUANTUM SYSTEMS

THOMAS ERNST

1. CURRICULUM VITAE

Born in Uppsala 1960-08-17

1.1. Early studies. High school natural science 1979-06-08 in Malmo.
Master of science in engineering physics 1985-10-21. Inldseyear of
studies, we visitited DESY. In the period 1986-1995 | tréela lot in
Germany and visited other European countries. | also stuti@hematics
privately. In 1988 | was a student at the IBM school Boblind®88, the di-
dactics was excellent. | was admitted as a graduate stuflertbematics
1995. Doctor in mathematics at Uppsala November 14, 2002.

1.2. Professional services. 57 reviews in mathematics and physics for Zen-
tralblatt Math.

Referee for the Bulletin of the Belgian Math. Society - Sin&tevin, J.
of nonlinear mathematical phycics, Indian J. of math., Advatud. Con-
temp. Math. (ASCM), Advances in Difference Equations.

My latest accepted paper was heavily influenced by revievesllgrevi-
ously written.

Member of the grading committee, AbiTUMath Program at TUMidg
the conference on difference equations, Laufen, April 200f@e purpose
was to collect high school and engineering students fromaBawn a sci-
entific atmosphere.

| taughtg-calculus at two different occasions in Uppsala 2002 and200
Adviser (via e-mail) for Katheryne Merryl, university of Nee 2004.

Date: November 28, 2007.
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1.3. Conferences.

(1) 7th international Colloquium Quantum groups and irdédg sys-
tems, Prague June 18-20, 1998 with talk.

(2) European school in group theory, Leiden June 21 - Julp481

(3) 4th international conference on lattice path combinescand ap-
plications, Vienna July 8-10, 1998.

(4) Workshop on special functions and applications, Lung Mal999
with talk.

(5) Conference on-Series with Applications to Combinatorics, Num-
ber Theory, and Physics, University of Illinois, October2®, 2000
with talk.

(6) 10th international Colloquium Quantum groups and irdbte sys-
tems Prague, June 21-23, 2001 with talk.

(7) Conference on orthogonal functions and related tojitésos, Nor-
way, August 12 - 16, 2003, with talk.

(8) Seventh international symposium on orthogonal polyiatsnspe-
cial functions and applications, Copenhagen August 182993,
with talk in parallel session.

(9) International Conference on Difference Equations,c&pd~unc-
tions and Applications, Munich, July 25 - July 30, 2005, wiakk.

(10) Invited speaker Progress on Difference EquationsbBetx, March
5-9, 2006.

(11) Invited speaker Progress on Difference Equationz/dbad, March
31 -April 5, 2007.

(12) Orthogonal polynomials, Special Functions and A@ilans, Mar-
seille, July 2007.

(13) Invited speaker, conference in honor of Allan Petess6bth birth-
day, Novacella/ltaly, July 28- August 2, 2007.

1.4. Visit to.

(1) Mittag-Leffler institute May 1999 with talk and Jan.-&in2005,
with talks Feb. 22 and March 3.

(2) Institute of theoretical physics at Munich, July 199%9walk.

(3) Penn state university October 23-24, 2000 with talk.

(4) Wolfram research (Mathematica), Champaign, Illin@stober 29,
2000.

(5) Institute of mathematics, Albert-Ludwigs-UniveegiFreiburg, June
13, 2001 with talk.

(6) Visual Analysis AG (Mathematica), Munich, June 17, 2001

(7) Institute of mathematics at Vienna, June 19, 2001.

(8) Institute of mathematical physics at Ulm, July 11-13020

(9) Institute of mathematics i Stuttgart, July 2002.
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(10) I'Institut d’electronique et d'informatique Gaspaktbnge Univer-
sité de Marne-la-Vallée , Paris, with talk, January 1Q20

(11) RISC combinatorics group (Mathematica), Linz, Awstdanuary
20-21 with talk, May, 2003.

1.5. Publications:

(1) A method forg-calculus. J. nonlinear mathematical physics 10
No.4 (2003) 487-525.

(2) Some results fag-functions of many variablefendiconti di Padova,
112 (2004) 199-235.

(3) Generalized Cauchy-Vandermonde determinaiteéan. Sud. Con-
temp. Math. 11, no. 1 (2005) 1-10.

(4) g-Generating functions for one and two variabl8snon Stevin, 12
no. 4, 2005, 589-605.

(5) g-Bernoulli andg-Euler Polynomials, An Umbral Approacinter-
national journal of difference equations 1 no. 1 2006, 13-62.

1.6. Self evaluation of research achievements. | have been a kind of au-
todidact ing-calculus. Starting off in 1997, | tried to go through the Wého
literature on the subject, partly by using internet and caodylibrary. Af-
ter the first major publication, | turned tgp-functions of many variables
and[ ¢ functions, partly assisted by Per Karlsson. In one of thegers |
generalized formulas of my opponent Hari M. Srivastava, simolved the
usefulness of the tilde operator. From 2003 | have studi&arnoulli and
g-Euler Polynomials, and-Stirling numbers. Although | consider myself
an expert on this, this subject is not yet completed, and Wkemactly
how to continue. In the mean-time | have done some workjspecial
functions and orthogonality to prepare for the continuabbthe studies of
g-functions of many variables. Through my many travels | haskieved a
good knowledge of German and some knowledge of French, whadtes
it possible to study the literature in the field.

1.7. Funding ID. The only existing funding is an application of 1000 Euro
from the Swedish research council for the ensuing confereamdarseille.

A grant should be used to preserve an existing team, whidhwoeik for
another year.

2. THE RESEARCH PROJECT

2.1. Introduction. In this section we summarize the state-of-the-art and
objectives of the project. In the second section we give aesuof spe-
cial functions, includingy-calculus. In the third section we summarize the
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mathematical methodology. In the fourth section we sunzeahe appli-
cations in physics. In the fifth section we describe the teadthe role of
each member.

My scientific work concerng-calculus. g-calculus is one of the lan-
guages for algebraic combinatorics and started simuliasigavith analytic
number theory or theory of partitions about 250 years ago.

The investigator’'s programme is aimed at bringing the thebg-calculus
to a like degree of maturity to that enjoyed by hypergeomederies and
elliptic functions, especially in view of current appligats to quantum
physics.

This leads to a new method and new notation for computatiodskas-
sifications ofg-special functions. With this method many formulasopf
calculus become very natural, and tgenalogues of many orthogonal
polynomials and functions assume a very pleasant form rimgdirectly
of their classical counterparts. Progresgjinalculus is heavily dependent
on the use of a proper notation. It should thus be noted dkaticulus
has wideranging applications in quantum theory, numbeasrihestatistical
mechanics and chemistry. A book about this subject is ingragpon.

2.2. What isspecial functionsincluding g-calculus? g-Calculus is a part
of the AMS code 33, called special functions, which is intielaconnected
to differential equations, difference equations, Beriiowimbers, and um-
bral calculus. The umbral calculus, with AMS code 05A40 aar pf enu-

merative combinatorics, has different roots. The first duossk to Griinert,
Gudermann, Kramp, and Schlomilch. The second one goestbakier-

schel, Murphy, Boole, Heaviside, Horner, Blissard, Syiee<laisher, and
F. H.Jackson.

There is a connection to astronomy, spherical trigonom8tigling num-
bers, elliptic functions, which will be further illuminateby studies of the
old Latin literature in the field. There are Russian and dalcontribu-
tions to the subject, the first one through Bernoulli numizers the second
through the author Toscano, which necessitate philolbgigpport to the
project. The Latin team member can be found in the team list.

Theg-hypergeometric series was developed by Heine 1846 as aajene
ization of the hypergeometric series. Heine proved bealutdnsformation
formulas forg-series by a purely formal calculation on continued fratcsio
In his work 1893-1895, Rogers inspired by Heine’s book 'Haunzh der
Kugelfunktionen’, introduced a set of orthogonal polynafaiwhich can be
expressed in terms @Fhypergeometric series and which have the Gegen-
bauer polynomials as limits when— 1. In 1909 Ramanujan wrote to pro-
fessor Hardy from India and told him about a number of idegitvhich
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he could not prove. Some of them were just corollaries of tlogdRs-
Ramanujan identities. W.N.Bailey had been greatly infleginty Ramanu-
jan as an undergraduate at Cambridge 1914. L.J. SlatedatieBailey’s
lectures org-hypergeometric series in 1947-50 at Bedford College, loond
University and in 1966 published a book about generalizgaelgeomet-
ric functions; among her pupils was H. Exton. Slater and Extoought
g-calculus into the computer age and Exton wrote the first beiely
devoted tag-series.

The theory of multiple hypergeometric functions develojbgdamong
others, Hari M. Srivastava (British Columbia), Per Karlsgbyngby) and
Exton is closely connected to this; Karlsson and Srivasteavee written a
monograph about this subject.

The so-called Heing-umbral calculus reached its peak in the thesis by
Smith 1911, supervised by Pringsheim. The Austrian schbgtanalysis
started in the sixties when Wolfgang Hahn (1911-1998) (gatel student
of Schur in Berlin) moved to Graz in 1964 after visits to Indi®59-1961
and America 1962. Because of Hahn'’s sojourn in India, andaltlee fame
of Ramanujang-calculus is today very popular in India.

There is also an equivalent operator theory based on thes@dusomial
coefficients developed by Johann Cigler (1937-) in Viennhictv | will
come back to.

2.3. Mathematical methodology. The Pl has introduced an umbral ap-
proach in the spirit of Rota fag-calculus, which should prove useful when
proving new formulas in the huge subject special functiofise main in-
gredients are an infinite alphabet, the tilde operator (gedized to a root
of unity), two types of duaf}-additions, one is commutative, and the other
one can be written as a finite product. The so-catjebmplex numbers
in n dimensions are a part of this alphabet; titholomorphic functions
are the formal power series. Tlgederivative will be extended to functions
of g-complex numbers, ang-Cauchy-Riemann equations will be proved.
My recent research has encompassed cegi&arnoulli- andg-Euler poly-
nomials, which has resulted incqaEuler-MacLaurin expansion for formal
power series. | have also treatgébtirling numbers, which can be used to
compute the speed of an algorithm.

In a previous paper from Rendiconti di Padova | have geredlsome
of Srivastava’s formulas by using tlig function; this is a project that will
continue.

In the process af-deformation of the hypergeometric function, a branch-
ing singularityx = 1 disappears and is replaced by an infinite number of
poles and zeros. In order to find certain ngormulas, some proofs use
Jacobi theta functions. In my earliest papers, two formtdageneralized
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Cauchy-Vandermonde determinants were proved. It seenfedtdhat this
was research isolated frogqicalculus. However it turned out that the pre-
vious work ong-Bernoulli- andg-Euler polynomials could be translated to
matrix language. And suddenly the formulas about Pascaliceatcould

be g-deformed andj-analogues for special cases of Cauchy-Vandermonde
determinants could be found. One example is a Cauchy-Varatete de-
terminant with integer powers replaced by thgianalogues. The proof
uses another form aj-Stirling numbers.

2.4. Applicationsin physics. We will now describe the reason why physics
is so much involved irg-calculus. John von Neumann and Wigner intro-
duced group representation theory to quantum mechanicsedan his
lectures on quantum mechanics in Gottingen 1926-27, Didiltgert for-
mulated the mathematical description which is includedoinnJvon Neu-
mann'’s collected work.g-deformed symmetries in physics are described
by quantum groups and these are represented-fiyecial functions. In
particular, to obtain the}-spherical harmonics, we only have to represent
Uqy(2).

The special mathematics which builds gygalculus gives an alternative
way of solutions to differential equations, so-caltpdifference equations.
It is therefore suited for physical applications, and mamghsapplications
have already been found in mechanics and theory of elagtriGo far,
g-analogues have been formulated for fundamental constgue the so-
lution of the Schrodinger equation, like Legendre polymals) but further
extensions are, to the best of our knowledge, missing. Al gatyno-
mials can be part of the treatment of many-electron-systémsresearch
can also encompass such atoms. The present project aimseagermeral
formulations ofg-analogues for interactions involved in many-electron sys
tems treated on a particle basis and thus giving opporamith account
for electron correlation in atoms and molecules. We haverg b ex-
perimental material to compare with, and the methodolodlyhi done in
close connection to research groups in atomic- and molepublgsics. Be-
sides studies of electronic states, the methods will bedestr molecular
vibrations and rotations. The experimental research witfe present team
involves both optical spectroscopy and photoelectrontspsmopy with vi-
brational resolution as well as multicoincidence experntador studies of
the electronic structure of atoms and molecules in diffeddrarge states
and different states of fragmentation. The experimentpar®ormed both
at local laboratories and at synchrotron radiation lalmwres. It may be
noted that by the latter light sources, photon energies eanskd that are
sufficient for studies of the entire valence region inclydime inner valence.
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For the latter, many-electron transitions are common amdtsp are usu-
ally very complex due to a large number of states. Thesesstmeedifficult

to handle theoretically, and very time and effort consungamputer sim-
ulations have to be carried out generally today. Here, itldidne of great
interest to try new mathematical formalisms, apénalysis gives such an
opportunity. Thisg-theory can also be applied to quarks. The team around
J. Wess has investigated the so-catiddirac equation.

2.5. Team members. We describe the research group and their responsi-
bilities. The first four people won’t require any paymentfr&RC.

(1) Dr. Martin Bohner Rolla, Missouri. Editor of two jourrsain differ-
ence equations. Responsible for advertising the projeitiatJS.

(2) Prof. Leif Karlsson, physics dep. Uppsala univ. Respmador
atomic and molecular measurements. A very social persoo, wh
gives a lot of advice.

(3) Emma Previato, Boston University. Responsible for &hkeinc-
tions, Latin and Italian texts, consulting.

(4) Per Karlsson, DTU Lyngby. Expert on hypergeometric fiores of
many variables, special functions, reviewer for ZenttbMath.,
book author. We meet about once a year in Copenhagen.

(5) Priv-Doz. Dr. Andreas Ruffing TU Munich. Expert on basartal
difference equations, difference operators in quantumhaeics.
Conference organizer.

3. RESEARCH ENVIRONMENT

3.1. Transition to independence. The project will enable the PI to travel
to different conferences and thus consolidating his pmsiéis independent
research leader ig-calculus.

3.2. Resources in Sweden. The hosting institution at Uppsala university
has a good mathematical library consisting of old and nevkbgalus pos-
siblity to order any book or article from Europe or the US. F'hibrary also
offers online access to many math. journals. There is als@titient uni-
versity library (Carolina rediviva) in Uppsala, the Mittagffler library in
Djursholm, and the Stockholm mathematical library. At thethematics
department in Uppsala there are regular seminars in algeipalogy and
analysis. There is an outstanding computer network for ximachines
hosted by two computer experts, Carl Edstrom and Chridtiggaard. The
Mathematica program, often used by the Pl is installed.

DEPARTMENT OFMATHEMATICS, UPPSALAUNIVERSITY, P.O. Box 480, SE-751
06 UPPSALA, SWEDEN
E-mail address: Thonmas. Er nst @mt h. uu. se



